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Abstract. Let S be an oriented surface of genus g > with m > punctures 
and 3g — 3+m > 2. The Teichmiiller flow <!>' acts on the moduli space Q{S) (or 
His)) of area one holomorphic quadratic (or abelian) differentials preserving a 
collection of so-called strata. For each component Q of a stratum, we construct 
a subshift of finite type (f!,iT) and Borel suspension (X, 0*) which admits a 
finite-to-one semi-conjugacy H into the Teichmiiller flow on Q. This is used to 
show that the <E>*-invariant Lebesgue measure A on Q is the unique measure 
of maximal entropy. If h is the entropy of A then for every e > there is 
a compact set K G Q such that the entropy of any ^'-invariant probability 
measure fj, with fJ.{Q — K) = 1 does not exceed h — l + t. Moreover, the growth 
rate of periodic orbits in Q — A" does not exceed h — l + t. This implies that 
the number of periodic orbits for <J>* in Q of period at most R is asymptotic to 
e^^/hR. Finally we give a unified and simplified proof of exponential mixing 
for the Lebesgue measure on strata. 
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1. Introduction 



An oriented surface S of finite type is a closed surface of genus g > from 
which TO > points, so-called punctures, have been deleted. We assume that 
3(? — 3 + TO > 2, i.e. that S is not a sphere with at most 4 punctures or a torus 
with at most 1 puncture. We then call the surface S nonexceptional. The Euler 
characteristic of S is negative. 

The Teichmiiller space T{S) of S is the quotient of the space of all complete finite 
area hyperbolic metrics on S under the action of the group of diffeomorphisms of 
S which are isotopic to the identity. The sphere bundle 



of all holomorphic quadratic differentials of area one can naturally be identified 
with the unit cotangent bundle for the Teichmiiller metric. If the surface S has 
punctures, i.e. if m > 0, then we define a holomorphic quadratic differential on S 
to be a meromorphic quadratic differential on the closed Riemann surface obtained 
from S by filling in the punctures, with a simple pole at each of the punctures and 
no other poles. 

The mapping class group Mod(S') of all isotopy classes of orientation preserving 
self-diffeomorphisms of S naturally acts on Q{S). The quotient 



is the moduli space of area one quadratic differentials. It can be partitioned into 
so-called strata. Namely, let 1 < toi < • • • < mi {£ > 1) be a sequence of positive 
integers with 



The stratum Q(mi, . . . , mi; —to) defined by the £-tuple (toi, . . . , mg) is the moduli 
space of pairs (C, ip) where C is a closed Riemann surface of genus g and where ip is 
an area one meromorphic quadratic differential on C with £ zeros of order to^ and 
TO simple poles and which is not the square of a holomorphic one-form. 

A stratum Q(toi, . . . ,mi; — m) is a real hypersurface in a complex orbifold of 
complex dimension 



Masur and Smillie |MS93| showed that the stratum Q(toi, . . . , to^; — to) is non- 
empty unless = 2,TOi = 1,TO2 = 3 (and 5 is a closed surface of genus 2). The 
strata need not be connected, however they have at most two connected components 
[L08j . The closure in Q{S) of a component of a stratum Q(toi, . . . ,TO£; — m) is a 
union of components of strata Q(ni, . . . , n,,; — m) where s < £ (note that we always 
fix the number of simple poles). 



Q{s) ^ ns) 



Q{S) = Q{S)/Mod{S) 




h ^ 2g + £ + m, - 2. 
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If the surface S is closed, i.e. if m = 0, then we can also consider the bundle 

n{s) T{S) 

of area one abelian differentials. It descends to the moduli space HiS) of holomor- 
phic one-forms defining a singular euclidean metric of area one. Again this moduli 
space decomposes into a union of strata . . . , fcj) corresponding to the orders 

of the zeros of the differentials. Strata are in general not connected, but the number 
of their connected components is at most 3 |KZ03] . The stratum T-L{ki, . . . , kg) is a 
real hypersurface in a complex orbifold of dimension 

h = 2g + £-l. 

The TeichmiiUer flow $* acts on Q{S) (or H{S)) preserving the strata. If Q is 
a component of a stratum of abelian differentials then Rauzy induction for interval 
exchange transformations can be used to construct a symbolic coding for the Te- 
ichmiiUer flow on Q. Such a coding consists in a suspension of a subshift of finite 
type by a positive roof function and a semi-conjugacy of an invariant Borel subset 
of the suspension flow into (2,$*) ( |V82j . see also jAGY06| for a discussion and 
references). Rauzy induction has been extended to strata of quadratic differentials 
by Boissy and Lanneau |BL09| . 

Our first goal is to construct a new coding for the TeichmiiUer fiow on any 
component of a stratum. 

Theorem 1. Let Q be a component of a stratum of quadratic or abelian differen- 
tials. Then there is a subshift of finite type (51, cr), a a- invariant Borel setlA C Vt, 
a suspension (X, 0*) of a overlA given by a positive bounded continuous roof func- 
tion on U and a finite-to-one semi-conjugacy S : (X, 0*) — > (2,$*) which induces 
a continuous bijection of the space of a-invariant Borel probability measures on hi 
onto the space of -invariant Borel probability measures on Q. 

Our construction is valid for strata of abelian differentials, but it is different from 
Rauzy induction. A dictionary between these two codings has yet to be established. 

Let again Q be a component of a stratum in Q{S) or 'H{S). We use Theorem 
[l]to investigate the space 7Winv(Q) of all $*-invariant Borel probability measures 
on Q equipped with the weak*-topology. A specific example of such a measure in 
the Lebesgue measure class was constructed by Masur and Veech |M821 IV86) . This 
measure A is ergodic |M821 IV86) , and its entropy h\ coincides with the complex 
dimension 2g-\-l-\-m — 2 (or 2g-\-^— 1) of the complex orbifold defining the stratum 
(note that we use a normalization for the TeichmiiUer flow which is different from 
the one used by Masur and Veech). In particular, the entropy of the Lebesgue 
measure on the open connected stratum Q(l, . . . , 1; —m) equals 65 — 6-1- 2m. 

Denote by hu the entropy of a measure v £ A^inv(Q). Deflne 

htopiQ) = SUp{h^ I V e MinviQ)}- 

A measure of maximal entropy for the component Q is a measure fi G A^iiw(Q) 
such that hp, = htop{Q). A priori, such a measure need not exist. However, using 
Rauzy induction, Bufetov and Gurevich |BG07j showed that for components of 
strata of abelian differentials, the ^'-invariant probability measure in the Lebesgue 
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measure class is the unique measure of maximal entropy for the component. We 
use Theorem [1] and the work of Buzzi and Sarig |BS03j to extend this result to all 
components of strata of quadratic or abelian differentials, with a simpler proof. 

Theorem 2. For every component Q of a stratum in Q{S) or T-Li^S), the 
invariant Borel probability measure in the Lebesgue measure class is the unique 
measure of maximal entropy. 

Components Q of strata are non-compact. Our next result shows that there is 
an entropy gap for measures supported in the complement of large compact subsets 
of Q. 

Theorem 3. For every e > there is a compact subset K C Q such that the 
entropy of every -invariant Borel probability measure which gives full mass to 
Q — K does not exceed h — 1 + e. 

We use related ideas to count periodic orbits of the Teichmiiller flow in the 
component Q. 

Theorem 4. For every e > there exists a compact set K <Z Q and a number 
c > with the following property. The number of periodic orbits of <f>* contained in 
Q — K of period at most R does not exceed ce^'*^^^'^)^. 

A saddle connection of a quadratic differential g is a geodesic segment for the 
singular euclidean metric defined by q which connects two singular points and does 
not contain a singular point in its interior. A closed subset K oi & component Q 
of a stratum is compact if and only if there is a number a > so that the shortest 
length of a saddle connection of any point in K is at least a. Thus Theorem 2] is 
equivalent to the following 

Corollary 1. For every e > there exists a number 5 > Q and a number c > 
with the following property. The number of periodic orbits of $* contained in Q of 
period at most R which consist of quadratic differentials with at least one saddle 
connection of length at most 5 does not exceed ce*-''"^"'"'^^^. 

For the open stratum in Q{S), Theorem [3] is due to Eskin and Mirzakhani 
[EMllj . The general case was independently shown Eskin, Mirzakhani and Rafi 
[EMRl l] . They also obtain a more precise statement for the number of periodic 
orbits in the subset of Q of all points with k > 2 short saddle connection. 

Our method provides an upper bound for the number of periodic orbits outside 
a large compact subset of a stratum which can explicitly be calculated. The growth 
rate of the number of orbits which are entirely contained in the thin part of the 
stratum Q corresponding to a Riemann surface which contains at least one simple 
closed curve of small extremal length can be estimated in the same way. We leave 
the precise calculation to the forthcoming paper [H12j where we will show that 
all these upper bounds are sharp. For example, we find that for every component 
of a stratum, the growth rate of the number of periodic orbits with one saddle 
connection of length at most e tends to /i — 1 as e — > (with the only exception of 
some strata of small complexity). However, for every g > 2 there are components 



SYMBOLIC DYNAMICS FOR THE TEICHMULLER FLOW 



5 



of strata on a closed surface of genus g for which the asymptotic growth rate of the 
number of periodic orbits in the thin part of moduh space equals h — 2. 

Theorem |4] and the main result of |H10c) immediately imply 

Corollary 2. As R — > oo, the number of periodic orbits for $* of length at most 
R which are contained in Q is asymptotic to e^^/hR. 

Our symbolic coding can also be used to give a simpler and unified proof of the 
following result of Avila, Gouezel and Yoccoz [AGY06j and of Avila and Resende 
|AR,n9) . 

Theorem 5. The Lebesgue measure on components of strata is exponentially mix- 
ing for the Teichmiiller flow. 

The organization of the paper is as follows. In Section 2 we begin with establish- 
ing some properties of train tracks and geodesic laminations needed in the sequel. 
In Section 3 we associate to each component of a stratum a family of train tracks. 
This is used in Section 4 to construct for every connected component Q of a stratum 
a subshift of finite type (fijCr). In Section 5 we define a bounded roof function p 
on an invariant Borel subset of this subshift of finite type and show that there is a 
semi-conjugacy of the suspension of (fi, a) with roof function p into the Teichmiiller 
flow. This completes the proof of Theorem [TJ In Section 6 we use the results of 
the earlier sections and the work of Buzzi and Sarig [BS03 to establish Theorem 
[2l The proof of Theorem [5] is contained in Section 7. This is then used in Section 
8 to show Theorem [3l The proof of Theorem [4] is contained in Section 9. 



Acknowledement: During the work on this paper, I benefitted from numerous 
discussions with more coUegues than I can list here. Special thanks go to Artur 
Avila, Yves Benoist, Alex Eskin, Francois Ledrappier, Howard Masur, Curtis Mc- 
MuUen, Maryam Mirzakhani, Kasra Rafi and Omri Sarig. Part of the work was 
carried out during two visits of the MSRI in Berkeley (in fall 2007 and in fall 2011) 
and at the Hausdorff Institut in Bonn in spring 2010. I am very grateful to these 
two institutions for their hospitality. 



2. Train tracks and geodesic laminations 

In this section we summarize some constructions from |T79[ IPH921 IHlOc] which 
will be used throughout the paper. Furthermore, we introduce a class of train 
tracks which will be important in the later sections, and we discuss some of their 
properties. 
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2.1. Geodesic laminations. Let 5" be an oriented surface of genus g > with 
m > punctures and where 3g ~ 3 + m > 2. A geodesic lamination for a complete 
hyperbohc structure on S of finite volume is a compact subset of S which is foliated 
into simple geodesies. A geodesic lamination A is called minimal if each of its half- 
leaves is dense in A. Thus a simple closed geodesic is a minimal geodesic lamination. 
A minimal geodesic lamination with more than one leaf has uncountably many 
leaves and is called minimal arational. Every geodesic lamination A consists of a 
disjoint union of finitely many minimal components and a finite number of isolated 
leaves. Each of the isolated leaves of A either is an isolated closed geodesic and 
hence a minimal component, or it spirals about one or two minimal components 
[CEG87]. 

A geodesic lamination A on 5 is said to fill up S if its complementary regions are 
all topological discs or once punctured monogons. A maximal geodesic lamination 
is a geodesic lamination whose complementary regions are all ideal triangles or once 
punctured monogons. 

Definition 2.1. A geodesic lamination A is called large if A fills up S and if more- 
over A can be approximated in the Hausdorjf topology by simple closed geodesies. 
A maximal large geodesic lamination is called complete. 

Since every minimal geodesic lamination can be approximated in the Hausdorff 
topology by simple closed geodesies |CEG87] , a minimal geodesic lamination which 
fills up S is large. However, there are large geodesic laminations with finitely many 
leaves. 

The topological type of a large geodesic lamination v is a tuple 

(mi, . . . , mi; — m) where 1 < mi < ■ ■ ■ < mi, m^ ~ 4g — A + m 

i 

such that the complementary regions of v which are topological discs are + 2- 
gons. Let 

££(mi, . . . , mi; — m) 

be the space of all large geodesic laminations of type (mi, . . . , mi; — m) equipped 
with the restriction of the Hausdorff topology for compact subsets of S. 

A measured geodesic lamination is a geodesic lamination A together with a trans- 
lation invariant transverse measure. Such a measure assigns a positive weight to 
each compact arc in S with endpoints in the complementary regions of A which 
intersects A nontrivially and transversely. The geodesic lamination A is called the 
support of the measured geodesic lamination; it consists of a disjoint union of 
minimal components. The space MC of all measured geodesic laminations on S 
equipped with the weak*-topology is homeomorphic to 5'69-7+2m ^ (Q, oo). Its 
projectivization is the space VAiC of all projective measured geodesic laminations. 

The measured geodesic lamination fj, (z AiC fills up S if its support fills up 
S. This support is then necessarily connected and hence minimal, and for some 
tuple (mi, . . . , mi; — m), it defines a point in the set ££(mi, . . . , mi; —m). The 
projectivization of a measured geodesic lamination which fills up S is also said to 
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fill up S. We call /i e MC strongly uniquely ergodic if the support of jj, fills up S 
and admits a unique transverse measure up to scale. 

There is a continuous symmetric pairing l : MC x A4C — > [0,oo), the so-called 
intersection form, which extends the geometric intersection number between simple 
closed curves. 

2.2. Train tracks. A train track on S is an embedded 1-complex t C S whose 
edges (called branches) are smooth arcs with well-defined tangent vectors at the 
endpoints. At any vertex (called a switch) the incident edges are mutually tangent. 
Through each switch there is a path of class which is embedded in r and contains 
the switch in its interior. A simple closed curve component of r contains a unique 
bivalent switch, and all other switches are at least trivalent. The complementary 
regions of the train track have negative Euler characteristic, which means that 
they are different from discs with 0, 1 or 2 cusps at the boundary and different from 
annuli and once-punctured discs with no cusps at the boundary. We always identify 
train tracks which are isotopic. Throughout we use the book |PH92] as the main 
reference for train tracks. 

A train track is called generic if all switches are at most trivalent. For each 
switch w of a generic train track r which is not contained in a simple closed curve 
component, there is a unique half-branch 6 of r which is incident on v and which 
is large at v. This means that every germ of an arc of class on r which passes 
through V also passes through the interior of b. A half-branch which is not large 
is called small. A branch 6 of r is called large (or small) if each of its two half- 
branches is large (or small). A branch which is neither large nor small is called 
mixed. 

Remark: As in jHOQaj . all train tracks are assumed to be generic. Unfortunately 
this leads to a small inconsistency of our terminology with the terminology found 
in the literature. 

A trainpath on a train track r is a C^-immersion p : — r such that for 

every i < £ — k the restriction of p to [k + i, k + i + 1] is a homeomorphism onto 
a branch of r. More generally, we call a C^-immersion p : [a, 6] — )■ r a generalized 
trainpath. A trainpath p : [fc, — >■ r is closed if p{k) = p(£) and if the extension p' 
defined by p'{t) = p{t) {t e [kj]) and p'{£ + s) p{k + s) (s G [0, 1]) is a trainpath. 

A generic train track r is orientable if there is a consistent orientation of the 
branches of t such that at any switch s of t, the orientation of the large half-branch 
incident on s extends to the orientation of the two small half-branches incident on 
s. If C is a complementary polygon of an oriented train track then the number of 
sides of C is even. In particular, a train track which contains a once punctured 
monogon component, i.e. a once punctured disc with one cusp at the boundary, is 
not orientable (see p. 31 of |PH92| for a more detailed discussion). 

A train track or a geodesic lamination r] is carried by a train track t if there is 
a map F : S S oi class which is homotopic to the identity and maps rj into t 
in such a way that the restriction of the differential of F to the tangent space of rj 
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vanishes nowhere; note that this makes sense since a train track has a tangent hne 
everywhere. We caU the restriction of to 77 a carrying map for 77. Write 77 -< t if 
the train track rj is carried by the train track r. Then every geodesic lamination v 
which is carried by 77 is also carried by r. 

A train track fills up S if its complementary components are topological discs or 
once punctured monogons. Note that such a train track r is connected. Let £ > 1 
be the number of those complementary components of t which are topological 
discs. Each of these discs is an rui + 2-gon for some rui > 1 (i — !,...,£). The 
topological type of t is defined to be the ordered tuple (mi, . . . ,m£] —m) where 
1 < mi < • ■ ■ < mf, then rui = Ag—A+m. If r is orientable then m — and rrii is 
even for all i. A train track of topological type (1, . . . , 1; — tt^) is called maximal. The 
complementary components of a maximal train track are all trigons, i.e. topological 
discs with three cusps at the boundary, or once punctured monogons. 

A transverse measure on a generic train track r is a nonnegative weight function 
yLt on the branches of r satisfying the switch condition: for every trivalent switch s 
of T, the sum of the weights of the two small half-branches incident on s equals the 
weight of the large half-branch. The space V(t) of all transverse measures on t has 
the structure of a cone in a finite dimensional real vector space, and it is naturally 
homeomorphic to the space of all measured geodesic laminations whose support is 
carried by t. The train track is called recurrent if it admits a transverse measure 
which is positive on every branch. We call such a transverse measure /i positive, 
and we write fi > (see [PH92| for more details). 

A subtrack cr of a train track r is a subset of r which is itself a train track. Then 
cr is obtained from t by removing some of the branches, and we write a < t. If 6 is 
a small branch of r which is incident on two distinct switches of t then the graph a 
obtained from r by removing 6 is a subtrack of t. We then call r a simple extension 
of (J. Note that formally to obtain the subtrack a from t — b we may have to delete 
the switches on which the branch b is incident. 

Lemma 2.2. (1) A simple extension t of a recurrent non- orientable connected 
train track a is recurrent. Moreover, 

dimV (cr) = dimV(r) - 1. 

(2) An orientable simple extension t of a recurrent orientable connected train 
track a is recurrent. Moreover, 

dimV (cr) = dimV(r) - 1. 

Proof. If T is a simple extension of a train track cr then cr can be obtained from r 
by the removal of a small branch b which is incident on two distinct switches si, S2- 
Then Si is an interior point of a branch bi oi a (i — 1,2). 

If cr is connected, non-orientable and recurrent then there is a trainpath po : 
[0,t] — T — b which begins at si, ends at S2 and such that the half-branch po[0, 1/2] 
is small at si = Pq{0) and that the half-branch po[t — 1/2, i] is small at S2 = Po{t). 
Extend po to a closed trainpath p on t — b which begins and ends at si. This 
is possible since a is non-orientable, connected and recurrent. There is a closed 
trainpath p' : [0, u] — r which can be obtained from p by replacing the trainpath 
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po by the branch b traveled through from si to S2. The counting measure of 
p' on r satisfies the switch condition and hence it defines a transverse measure 
on T which is positive on b. On the other hand, every transverse measure on a 
defines a transverse measure on r. Thus since a is recurrent and since the sum of 
two transverse measures on r is again a transverse measure, the train track r is 
recurrent as weU. Moreover, we have dimV(T) > dimV(cr) + f . 

Let p be the number of branches of r. Label the branches of r with the numbers 
{1, . . . ,p} so that the number p is assigned to b. Let ei, . . . , Cp be the standard 
basis of W and define a linear map A : — >■ K.^ by A{ei) — ei for i < p — I 
and A{ep) = X^i '^(O^i where v is the weight function on 1} defined 

by the trainpath po- The map A is a surjection onto a linear subspace of W of 
codimension one, moreover A preserves the linear subspace V of defined by the 
switch conditions for t. In particular, the corank of A{y) in V is at most one. 
However, Aiy") is contained in the space of solutions of the switch conditions on 
a and consequently the dimension of the space of transverse measures on a is not 
smaller than the dimension of the space of transverse measures on r minus one. 

Together with the first paragraph of this proof, we conclude that dimV(r) = 
dimV((T) + 1. This completes the proof of the first part of the lemma. The second 
part follows in exactly the same way. □ 

As a consequence we obtain 

Corollary 2.3. (1) dimV(r) — 2g~2+'m+£ for every non-orientable recurrent 
train track t of topological type {mi, . . . , mf, —to). 
(2) dimV(T) = 2g — 1 + 1 for every orientable recurrent train track r of topo- 
logical type (toi, . . . , mi] 0). 

Proof. The disc components of a non-orientable recurrent train track t of topolog- 
ical type (toi, . . . , mi] —to) can be subdivided in Ag — 4 + m — £ steps into trigons 
by successively adding small branches. A repeated application of Lemma [2?2] shows 
that the resulting train track 77 is maximal and recurrent. Since for every maximal 
recurrent train track r] we have dimV(77) =617-6-1- 2m (see [PH92j ). the first part 
of the corollary follows. 

To show the second part, let r be an orientable recurrent train track of type 
(toi, . . . , me] 0). Then is even for all i. Add a branch 60 to r which cuts some 
complementary component of r into a trigon and a second polygon with an odd 
number of sides. The resulting train track rjQ is not recurrent since a trainpath 
on ?7o can only pass through 60 at most once. However, we can add to 770 another 
small branch bi which cuts some complementary component of 779 with at least 4 
sides into a trigon and a second polygon such that the resulting train track 77 is 
non-orientable and recurrent. The inward pointing tangent of 61 is chosen in such 
a way that there is a trainpath traveling both through bo and 61. The counting 
measure of any simple closed curve which is carried by 77 gives equal weight to the 
branches bo and bi. But this just means that dimV(77) — dimV(r) + 1 (see the proof 
of Lemma for a detailed argument). By the first part of the corollary, we have 
dimV(7;) =2g — 2 + £ + 2 which completes the proof. □ 
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Definition 2.4. A train track t of topological type (mi, . . . ,me; —m) is fully re- 
current if T carries a large minimal geodesic lamination ly G £>C(toi, . . . , mg] —m). 

Note that by definition, a fully recurrent train track is connected and fills up S. 
The next lemma gives some first property of a fully recurrent train track r. For its 
proof, recall that there is a natural homeomorphism of V(t) onto the subspace of 
AiC of all measured geodesic laminations carried by r. 

Lemma 2.5. A fully recurrent train track r of topological type (mi, . . . ,me; — m) 
is recurrent. 

Proof. A fully recurrent train track r of type (mi, . . . , m^; — m) carries a minimal 
large geodesic lamination ly € CC{mi, . . . ,mf, —m). The carrying map v ^ t 
induces a bijection between the complementary components of r and the comple- 
mentary components of ly. In particular, a carrying map — > r is surjective. Since 
a minimal geodesic lamination supports a transverse measure, there is a positive 
transverse measure on r. In other words, r is recurrent. □ 

There are two simple ways to modify a fully recurrent train track r to another 
fully recurrent train track. Namely, if 6 is a mixed branch of r then we can shift 
T along 6 to a new train track r'. This new train track carries r and hence it 
is fully recurrent since it carries every geodesic lamination which is carried by t 
[PH92llH09i) . 

Similarly, if e is a large branch of r then we can perform a right or left split of r 
at e as shown in Figure A below. A (right or left) split r' of a train track t is carried 
by T. If T is of topological type (mi, . . . , m^; — m), ii v ^ ££(toi, . . . , m^; — m) is 
minimal and is carried by r and if e is a large branch of r, then there is a unique 
choice of a right or left split of t at e such that the split track 77 carries v. In 
particular, rj is fully recurrent. Note however that there may be a split of t at e 
such that the split track is not fully recurrent any more (see Section 2 of jH09a| for 
details). 

Figure A 




The following simple observation is used to identify fully recurrent train tracks. 

Lemma 2.6. (1) Let e be a large branch of a fully recurrent non-orientable 
train track t . Then no component of the train track u obtained from t by 
splitting t at e and removing the diagonal of the split is orientable. 
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(2) Let e be a large branch of a fully recurrent orientable train track r. Then the 
train track a obtained from r by splitting t at e and removing the diagonal 
of the split is connected. 

Proof. Let r be a fully recurrent non-orientable train track of topological type 
(mi, . . . , me] —m). Let e be a large branch of r and let w be a switch on which 
the branch e is incident. Let a be the train track obtained from r by splitting r 
at e and removing the diagonal branch of the split. Then the train tracks Ti,r2 
obtained from r by a right and left split at e, respectively, are simple extensions of 
a. 

Now assume that a contains an orientable connected component cti (not neces- 
sarily distinct from a) . Let 6^ G — cr be a diagonal of the split connecting r to 
(i — 1,2). If Pi : [0,to] Ti is a trainpath with p^Ojl] — ^-i^d pi[l^2] g ui and 
if p[jii + 1] = for some j > 2 then p[j — 1, j] equals the branch pi[l, 2] traveled 
through in opposite direction. Since ai is orientable, this is impossible. Therefore 
Pi[l,m\ C CTi and hence once again, Tj is not recurrent. On the other hand, since r 
is fully recurrent, it can be split at e to a fully recurrent and hence recurrent train 
track. This is a contradiction. The first part of the corollary is proven. The second 
part follows from the same argument since a split of an orientable train track is 
orientable. □ 



Example: 1) Figure B below shows a non-orientable recurrent train track t of 
type (4; 0) on a closed surface of genus two. The train track obtained from r by a 
split at the large branch e and removal of the diagonal of the split track is orientable 
and hence r is not fully recurrent. This corresponds to the fact established by Masur 
and Smillie |MS93| that every quadratic differential with a single zero and no pole 
on a surface of genus 2 is the square of a holomorphic one-form (see Section 3 for 
more information). 




Figure B 



2) To construct an orientable recurrent train track of type (rni, . . . , ; 0) which 
is not fully recurrent let 5*1 be a surface of genus 51 > 2 and let ti be an orientable 
fully recurrent train track on Si with ^1 > 1 complementary components. Choose 
a complementary component Ci of ti in 5i, remove from Ci a disc Di and glue 
two copies of Si — Di along the boundary of Di to a surface S of genus 2gi. The 
two copies of Ti define a recurrent disconnected oriented train track r on S' which 
has an annulus complementary component C. 
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Choose a branch bi of t in the boundary of C. There is a corresponding branch 
62 in the second boundary component of C. Glue a compact subarc of bi contained 
in the interior of 61 to a compact subarc of 62 contained in the interior of 62 so that 
the images of the two arcs under the glueing form a large branch e in the resulting 
train track 77. The train track i] is recurrent and orientable, and its complementary 
components are topological discs. However, by Lemma l2.6l it is not fully recurrent. 



To each train track r which fills up S one can associate a dual bigon track t* 
(Section 3.4 of [PH92| ). There is a bijection between the complementary compo- 
nents of r and those complementary components of r* which are not bigons, i.e. 
discs with two cusps at the boundary. This bijection maps a component C of r 
which is an n-gon for some n > 3 to an n-gon component of r* contained in C, and 
it maps a once punctured monogon C to a once punctured monogon contained in 
C. If r is orientable then the orientation of S and an orientation of r induce an 
orientation on r*, i.e. r* is orientable. 

There is a notion of carrying for bigon tracks which is analogous to the notion 
of carrying for train tracks. Measured geodesic laminations which are carried by 
the bigon track r* can be described as follows. A tangential measure on a train 
track T of type (mi, . . . , m^; — m) assigns to a branch 6 of r a weight fi{b) > such 
that for every complementary /c-gon of r with consecutive sides ci , . . . , and total 
mass /i(ci) (counted with multiplicities) the following holds true. 

(1) ^(cj) < n{ci^i) + /i(ci+i)- 

(The complementary once punctured monogons define no constraint on tangential 
measures) . The space of all tangential measures on r has the structure of a convex 
cone in a finite dimensional real vector space. By the results from Section 3.4 of 
[PH92j ■ every tangential measure on r determines a simplex of measured geodesic 
laminations which hit r efficiently. The supports of these measured geodesic lami- 
nations are carried by the bigon track t* , and every measured geodesic lamination 
which is carried by r* can be obtained in this way. The dimension of this sim- 
plex equals the number of complementary components of t with an even number 
of sides. The train track t is called transversely recurrent if it admits a tangential 
measure which is positive on every branch. 

In general, there are many tangential measures which correspond to a fixed 
measured geodesic lamination v which hits r efficiently. Namely, let s be a switch 
of T and let a,b,c be the half-branches of r incident on s and such that the half- 
branch a is large. If ^ is a tangential measure on r which determines the measured 
geodesic lamination v then it may be possible to drag the switch s across some of 
the leaves of v and modify the tangential measure /3 on r to a tangential measure 
/i ^ /3. Then /3 — is a multiple of a vector of the form 6a — 6b — Sc where 6^ 
denotes the function on the branches of r defined by 6w{w) = 1 and (5m (a) = for 
a w. 
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Definition 2.7. A train track r of topological type {mi, . . . ,mi; —m) is called 
fully transversely recurrent if its dual bigon track r* carries a large rainimal ge- 
odesic lamination v g CC{mi, . . . , m^; —m). A train track r of topological type 
(mi, . . . , mi] —m) is called large if r is fully recurrent and fully transversely recur- 
rent. A large train track of type (1, . . . , 1; —m) is called complete. 

For a large train track r let V*(r) C AiC be the set of all measured geodesic 
laminations whose support is carried by r* . Each of these measured geodesic lam- 
inations corresponds to a tangential measure on r. With this identification, the 
pairing 

(1) (j.,/.)eV(r)x V*(r)^^^.(%(6) 

b 

is just the restriction of the intersection form on measured lamination space (Section 
3.4 of }PH92] ). Moreover, V*(t) is naturally homeomorphic to a convex cone in a 
real vector space. The dimension of this cone coincides with the dimension of V(t). 

Denote by £T(toi , . ■ . , rnf, —m) the set of all isotopy classes of large train tracks 
on 5* of type (mi, . . . , mt, —m). 

Remark: In |MM99] , Masur and Minsky define a large train track to be a train 
track r whose complementary components are topological discs or once punctured 
monogons, without the requirement that r is generic, transversely recurrent or 
recurrent. We hope that this inconsistency of terminology does not lead to any 
confusion. 

3. Strata 

The goal of this subsection is to relate components of strata in Q{S) to large 
train tracks. 

For a closed oriented surface S of genus g > with to > punctures let Q,{S) 
be the bundle of marked area one holomorphic quadratic differentials with a simple 
pole at each puncture over the Teichmiiller space 7^(5') of marked complex struc- 
tures on S. For a complete hyperbolic metric on S of finite area, an area one 
quadratic differential q £ Q{S) is determined by a pair (A+, A^) of measured geo- 
desic laminations which jointly fill up S (i.e. we have t(A^,/i) + t(A^,/i) > for 
every measured geodesic lamination fi) and such that t(A+,A^) — 1. The vertical 
measured geodesic lamination A+ for q corresponds to the equivalence class of the 
vertical measured foliation of q. The horizontal measured geodesic lamination A~ 
for q corresponds to the equivalence class of the horizontal measured foliation of q. 

A tuple {nil, . . . ,me) of positive integers 1 < toi < ■■■ < mi with ™j ~ 
Ag ~ 4: + m defines a stratum Q(mi, . . . , mf, —m) in Q{S). This stratum consists of 
all marked area one quadratic differentials with m simple poles and i zeros of order 
TOi, . . . , mi which are not squares of holomorphic one-forms. The stratum is a real 
hypersurface in a complex manifold of dimension 

(2) h^2g-2 + m + e. 
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The closure in Q{S) of a stratum is a union of components of strata. Strata are 
invariant under the action of the mapping class group Mod(iS') of S and hence 
they project to strata in the moduh space Q{S) — Q{S)/Mod{S) of quadratic 
differentials on S with a simple pole at each puncture. We denote the projection 
of the stratum Q(r7ii, . . . , m^; — to) by Q(mi, . . . , to^ ; — to). The strata in moduli 
space need not be connected, but their connected components have been identified 
by Lanneau |L08] . A stratum in Q{S) has at most two connected components. 

Similarly, if to = then we let T-L{S) be the bundle of marked area one holo- 
morphic one-forms over Teichmiiller space T{S) of S. For a tuple ki < ■ ■ ■ < kg 
of positive integers with ki — 2g — 2, the stratum . . . ,ke) of marked area 

one holomorphic one-forms on S with i zeros of order ki {i = !,...,£) is a real 
hypersurface in a complex manifold of dimension 

(3) h^2g~l+i. 

It projects to a stratum . . . , kg) in the moduli space HIS) of area one holo- 

morphic one-forms on S. Strata of holomorphic one-forms in moduli space need 
not be connected, but the number of connected components of a stratum is at most 
three (KZ03]. 

We continue to use the assumptions and notations from Section 2. For a large 
train track r G £T(toi, . . . , mi; —to) let 

Vo(t) C V(r) 

be the set of all measured geodesic laminations v G A4C whose support is carried 
by r and such that the total weight of the transverse measure on r defined by v 
equals one. Let 

Q(r) C Q{S) 

be the set of all marked area one quadratic differentials whose vertical measured 
geodesic lamination is contained in Vo(t) and whose horizontal measured geodesic 
lamination is carried by the dual bigon track r* of t. By definition of a large train 
track, we have Q(t) ^ 0. The next proposition relates Q(t) to components of 
strata. For the purpose of its proof and for later use, define the strong unstable 
manifold W^*"(q) of a quadratic differential q e Q{S) to consist of all quadratic 
differentials whose horizontal measured geodesic lamination coincides with the hor- 
izontal measured geodesic lamination of q. The strong stable manifold W^'^{q) is 
defined to be the image of W^^{—q) under the fiip F : q-^ ~q. For a component Q 
of a stratum in Q{S) and every q G Q, define the strong unstable (or strong stable) 
manifold W^{q) (or W^{q)) to be the connected component containing q of the 

intersection VF*"(q) H Q (or W'''^{q) n Q). Then W^{q) is a manifold of dimension 
h— 1 {i — ss, su). The manifolds W^{q) (or W^{q)) define a foliation of Q which 
is called the strong unstable (or the strong stable) foliation. 

Proposition 3.1. (1) For every large non-orientable train track 

T e £T(toi, . . . , mi] —m) there is a component Q of the stratum 

Q(toi, . . . , mi; —to) such that for every S > the set | q G Q(t), t G 

[—J, 5]} is the closure in Q{S) of an open subset of Q. 
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(2) For every large orientable train track r G CT{mi, . . . ,me;0) there is a 
component Q of the stratum 'H(toi/2, . . . , mi/2) such that for every S > 
the set {$*q | q e Q{T),t G [—(5,(5]} is the closure in'H{S) of an open subset 

ofQ. 

Proof. Let z G 2(5*) be a marked quadratic differential. A saddle connection for z 
is a geodesic segment for tfie singular euclidean metric defined by z which connects 
two singular points and does not contain a singular point in its interior. A separatrix 
is a maximal geodesic segment or ray which begins at a singular point and does not 
contain a singular point in its interior. 

Let ^ be the support of the vertical measured geodesic lamination of z. By 
|L83) . the geodesic lamination ^ can be obtained from the vertical foliation of z 
by cutting 5* open along each vertical separatrix and straightening the remaining 
leaves with respect to a complete finite area hyperbolic metric on S. In particular, 
up to homotopy, a vertical saddle connection s of z is contained in the interior of a 
complementary component C of ^ which is uniquely determined by s. 

Let T G CT{mi, . . . , m^; — m). Consider first the case that r is non-orientable. 
Let /i G Vo(t), with support supp(/i) contained in CC{mi, . . . ,mi; —m). Then 
supp(/i) is non-orientable since otherwise r inherits an orientation from supp(/i). If 
^ G V*(t) then the measured geodesic laminations /x, jointly fill up S (since the 
support of is different from the support of fj, and supp(/z) fills up S) and hence if 
v is normalized in such a way that i^) = 1 then the pair (yit, v) defines a point 
q G Q{t). Our first goal is to show that q G Q(mi, . . . , m^; — m). 

Since supp(/i) G ££(mi, . . . ,m^; — m), the orders of the zeros of the quadratic 
differential q are obtained from the orders mi, . . . ,mi by subdivision. There is a 
non-trivial subdivision, say of the form mi = kg, if and only if q has at least 
one vertical saddle connection. 

Choose a complete finite area hyperbolic metric on S. This choice identifies 
the universal covering of S with the hyperbolic plane H^, and it identifies the 
fundamental group ^1(5*) of S with a group of isometries of H^. Assume to the 
contrary that q has a vertical saddle connection s. Let q be the lift of g to a 
quadratic differential on and let s C be a preimage of s. 

The preimage C C tP of supp(yLt) is a closed 7ri(5)-invariant set of geodesic hues 
in H^. Since ^ fills up S, the complementary components of ( are finite area ideal 
polygons and half-planes which are the components of the preimages of the once 
punctured monogons. As discussed in the second paragraph of this proof, up to 
homotopy the saddle connection s of g is contained in a complementary component 
C of C- This component is an ideal polygon with finitely many sides, and it is 
determined by s. 

For the singular euclidean metric defined by q, each cusp of S* is a cone point with 
cone angle tt. Let C S* be the complement of a standard neighborhood of the 
cusps. A smooth geodesic arc a for the singular euclidean metric on S defined by q 
(i.e. an arc which does not pass through singular points) with endpoints in K can 
be modified near the cusps to a homotopic arc a' of roughly the same length which 
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is entirely contained in K. Moreover, a' can be chosen to be without transverse 
self-intersections. In particular, the hyperbolic geodesic with the same endpoints 
does not enter deeply into the cusps of S, i.e. it is contained in a compact subset 
K' of S. 

On K' ^ the singular euclidean metric and the hyperbolic metric are uniformly 
quasi-isometric. Therefore a lift to H'^ of a biinfinite vertical or horizontal geodesic 
is a uniform quasi- geodesic for the hyperbolic metric. Such a quasi-geodesic has 
well defined endpoints in the ideal boundary of (see also [L83[ IPH92] ). 

Choose an orientation for the saddle connection s. There are two oriented ver- 
tical geodesic lines ao,/3o for the metric defined by q which contain the saddle 
connection s as a subarc and which are contained in a bounded neighborhood of a 
side Q!,/3 of C. The geodesies ao:/3o are determined by the requirement that their 
orientation coincides with the given orientation of s and that moreover at every 
singular point the angle at x to the left of (or to the right of /3o) for the 
orientation of the geodesic and the orientation of equals tt (see |L83| for details 
of this construction). 

The ideal boundary of the closed half-plane of which is bounded by a (or (3) 
and which is disjoint from the interior of C is a compact subarc a (or h) of 
bounded by the endpoints of a (or /3). The arcs a, h are disjoint (or, equivalently, the 
sides a,/3 of C are not adjacent). A horizontal geodesic line for q which intersects 
the interior of the saddle connection S is a quasi-geodesic in H'^ with one endpoint 
in the interior of the arc a and the second endpoint in the interior of the arc h. Since 
the horizontal length of s is positive, this means that the support of the horizontal 
measured geodesic lamination of q contains geodesies with one endpoint in the arc 
a and the second endpoint in h. 

Since the topological types of the support of /i and of r coincide, a carrying map 
F : supp(/i) — >■ r is surjective and induces a bijection between the complementary 
components of supp(/x) and the complementary components of r. In particular, 
the projections to S of the geodesies a, /? determine two non-adjacent sides of a 
complementary component Cr of t which is the image of the projection of C to S. 

On the other hand, by construction of the dual bigon track r* of r (see |PH92j V if 
p : (—00, 00) — > r* is any trainpath which intersects the complementary component 
Cr of r then every component of p(— 00, 00) H is a compact arc with endpoints 
on adjacent sides of Cr- In particular, a lift to of such a trainpath is a quasi- 
geodesic in whose endpoints meet at most one of the two arcs a,b C dfP. Now 
the support of the horizontal measured geodesic lamination v of q is carried by r* . 
Therefore every leaf of the support of v determines a biinfinite trainpath on r* and 
hence a lift to of such a leaf does not connect the arcs a,b C 9H^. However, 
we observed above that the support of the horizontal measured geodesic lamination 
of q contains geodesies connecting a to b. This is a contradiction and shows that 
indeed q G Q(toi, . . . , nii; —m). 

Let V{p) C VMC be the open set of all projective measured geodesic laminations 
whose support is distinct from the support of /i. Then the assignment "0 which 
associates to a projective measured geodesic lamination [v] e ^^{p) the area one 
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quadratic differential [v]) with vertical measured geodesic lamination /i and 
horizontal projective measured geodesic lamination [v] is a homeomorphism oiV{^) 
onto a strong stable manifold in Q,{S). 

By Corollarv 12.31 the projectivization PV*{t) C VAdC of V*(t) is homeomor- 
phic to a closed ball in a real vector space of dimension h — 1, and this is just 
the dimension of a strong stable manifold in a component of Q(mi, . . . ,mi] —m). 
Therefore by the above discussion and invariance of domain, there is a component 
U of the stratum Q(mi, . . . , m^; — m) such that the restriction of the map ijj to 
PV*(t) is a homeomorphism of PV*{t) onto the closure of an open subset of a 
strong stable manifold W,'/(g) C U. 

The above argument also shows that if z e Q{t) is defined by C e Vo{t)^v e 
V*(r) and if the support of v is contained in CC{mi, . . . , mi; —m) then we have z e 
Q(mi, . . . , m^; — m). If denotes the component of Q(toi, . . . , m^; —m) containing 
z then for every point in the projectivization PV(r) of V(t), the pair 
defines a quadratic differential which is contained in the strong unstable manifold 
W^"(z). The set of these quadratic differentials equals the closure of an open subset 
oiW^{z). 

The set of quadratic differentials q with the property that the support of the 
vertical (or of the horizontal) measured geodesic lamination of q is minimal and of 
type (mi , . . . , mi; —to) is dense and of full Lebesgue measure in Q(toi , . . . , mi; —to) 
[M82[ rV86] . Moreover, this set is saturated for the strong stable (or for the strong 
unstable) foliation. Thus by the above discussion, the set of all measured geodesic 
laminations which are carried by r (or r* ) and whose support is minimal of type 
{mi, . . . ,mi; —m) is dense in V(r) (or in V*(t)). As a consequence, the set of 
all pairs (pjiy) € V(t) x V*(r) with i{^,v) — 1 which correspond to a quadratic 
differential q G Q(toi, . . . , mi; —to) is dense in the set of all pairs (/i, v) e V(t) x 
V*(r) with i(/i, v) — 1. Thus the set Q(t) is contained in the closure of a component 
Q of the stratum Q(toi, . . . , mi; —to). Moreover, by reasons of dimension, | 
q G Q{T);t E [—6,6]} contains an open subset of this component. This shows the 
first part of the proposition. 

Now if T € CT{mi, . . . , mi; —to) is orientable and if is a geodesic lamination 
which is carried by r, then /k inherits an orientation from an orientation of r. The 
orientation of r together with the orientation of S determines an orientation of the 
dual bigon track r* (see [PH92| ). This implies that any geodesic lamination carried 
by T* admits an orientation, and if {p, v) jointly fill up S and if jj. is carried by r, 
V is carried by t* then the orientations of ^, v determine the orientation of S. As 
a consequence, the quadratic differential q of (/i, v) is the square of a holomorphic 
one-form. The proposition follows. □ 



The next proposition is a converse to Proposition l3 . 1 1 and shows that train tracks 
can be used to define coordinates on strata. 

Proposition 3.2. (1) For every q e Q(toi, . . . ,mi; —to) there is a large non- 
orientable train track r € £T(toi, . . . , mi; —to) and a number t eR so that 
<i>*g is an interior point of Q(t). 
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(2) For every q G . . . , fcs) there is a large orientable train track r G 

CT{2ki, . . . , 2ks] 0) and a number t G K so that $*g is an interior point of 
Q{r). 

Proof. Fix a complete hyperbolic metric on S of finite volume. Define the straight- 
ening of a train track r to be the immersed graph in S whose vertices are the 
switches of r and whose edges are the geodesic arcs which arc homotopic to the 
branches of t with fixed endpoints. 

The hyperbolic metric induces a distance function on the projectivized tangent 
bundle of S. As in Section 3 of |H09a] . we say that for some e > a train track 
r e- follows a geodesic lamination ^ if the tangent lines of the straightening of r 
are contained in the e-neighborhood of the tangent lines of /i in the projectivized 
tangent bundle of S and if moreover the straightening of any trainpath on r is a 
piecewise geodesic whose exterior angles at the breakpoints are not bigger than e. 
By Lemma 3.2 of jHOQaj . for every geodesic lamination ^ and every e > there is 
a transversely recurrent train track which carries /i and e-follows /i. 

Let q G Q{mi, . . . ,mi; —m). Assume first that the support fi of the vertical 
measured geodesic lamination of q is large of type (mi, . . . , mi; —m). This is equiv- 
alent to stating that q does not have vertical saddle connections. For e > let 
be a train track which carries fi and e-follows /i. If e > is sufficiently small then 
a carrying map fj, ^ defines a bijection of the complementary components of fi 
onto the complementary components of r^. The transverse measure on Tj defined 
by the vertical measured geodesic lamination of q is positive. 

Let C C be a complementary component of the preimage of fi in the hyper- 
bolic plane H^. Then C is an ideal polygon whose vertices decompose the ideal 
boundary dH^ into finitely many arcs oi, . . . , ordered counter-clockwise in con- 
secutive order. Since q does not have vertical saddle connections, the discussion in 
the proof of Proposition 13. II shows the following. Let £ he a leaf of the preimage in 
of the support i/ of the horizontal measured geodesic lamination of q. Then the 
two endpoints of £ in either are both contained in the interior of the same arc 
ai or in the interior of two adjacent arcs a^, a^+i. As a consequence, for sufficiently 
small e the geodesic lamination ly is carried by the dual bigon track r* of (see 
the characterization of the set of measured geodesic laminations carried by r* in 
[PH9 2j). Moreover, by the explicit construction of a measured geodesic lamina- 
tion from a measured foliation |L83j . for any two adjacent subarcs a^, Oi+i of 
cut out by C, the transverse measure of the set of all leaves of the preimage of ly 
connecting these sides is positive. Therefore for sufficiently small e, the horizontal 
measured geodesic lamination v oi q defines an interior point of V*{t^). 

Now the set of quadratic differentials z so that the support of the horizontal 
measured geodesic lamination of z is large of type (mi, . . . , to^; — m) is dense in the 
strong stable manifold W^{q) oiq. The above reasoning shows that for such a qua- 
dratic differential z and for sufficiently small e, the horizontal measured geodesic 
lamination of z is carried by r* . But this just means that G £T(mi , . . . , rni ; — m) . 
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Moreover, if r > is the total weight which the vertical measured geodesic lami- 
nation of q puts on then $~^°s''q is an interior point of Q{Te). Thus satisfies 
the requirement in the proposition. Note that is necessarily non-orientable. 

If q € Hiki, . . . ,ks) is such that the support of the vertical measured geodesic 
lamination of q is large of type (2fci , . . . , 2ks; 0) then the above reasoning also applies 
and yields an oriented large train track with the required property. 

Consider next the case that the support /i of the vertical measured geodesic 
lamination of q fills up S but is not of type (mi, . . . , ; — m). Then q has a 
vertical saddle connection. The set of all vertical saddle connections of q is a forest, 
i.e. a finite disjoint union T of finite trees. The number of edges of this forest is 
uniformly bounded. For e > let be a train track which e-foUows fi and carries /i. 
If e is sufficiently small then a carrying map ~^ defines a bijection between the 
complementary components of /i and the complementary components of which 
induces a bijection between their sides as well. 

Modify Te as follows. Up to isotopy, a vertical saddle connection s of g is con- 
tained in a complementary component Cg of Tg which corresponds to the comple- 
mentary component of ^ determined by s (see the proof of Proposition 13. ip . Since 
a carrying map ^ determines a bijection between the sides of the complemen- 
tary components of fi and the sides of the complementary components of Tj, the 
horizontal lines crossing through s determine two non-adjacent sides ci,C2 of Cs 
(see once more the discussion in the proof of Proposition 13 . 1 p . 

Choose an embedded rectangle Rs C C's whose boundary intersects the boundary 
of Cs in two opposite sides contained in the interior of the sides ci, C2 of Cg. We can 
choose these rectangles Rg where s runs through the vertical saddle connections of 
q to be pairwise disjoint. With a homotopy of S, collapse each of the rectangles Rg 
to a single segment in such a way that the two sides of Rg which are contained in 
are identified and form a single large branch bg as shown in Figure C. The branch 
bg can be isotoped to the saddle connection s. Let rj be the train track constructed 
in this way. Then rj is of topological type (mi, . . . , mg] —m). 



Figure C 

9 T, f? 




The train track can be obtained from 77 by splitting 77 at each of the large 
branches bg and removing the diagonal of the split. In particular, rj carries and 
hence /x. The transverse measure on rj defined by the vertical measured geodesic 
lamination of q is positive and consequently rj is recurrent. Moreover, it follows 
as above that for sufficiently small e, the horizontal measured geodesic lamination 
of q is carried by rj* . In particular, if e > is sufficiently small then rj is fully 
transversely recurrent and in fact large. Now using once more the consideration 
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in the first part of this proof, by possibly decreasing further the size of e, we can 
guarantee that for some t € M the quadratic differential $*g is an interior point of 
Q{r]). As a consequence, r] satisfies the requirements in the proposition. 

If the support fj, of the vertical measured geodesic lamination of q is arbitrary 
then we proceed in the same way. Let e > be sufficiently small that there is 
a bijection between the complementary components of the train track and the 
complementary components of the support of fi. As before, we use the horizontal 
measured foliation of q to construct for every vertical saddle connection s of g 
an embedded rectangle Rg in S whose interior is contained in a complementary 
component of and with two opposite sides on in such a way that the rectangles 
Rg are pairwise disjoint. Collapse each of the rectangles to a single arc. The 
resulting train track has the required properties. 

We discuss in detail the case that the support of /i contains a simple closed curve 
component a. Then contains a as a simple closed curve component as well. There 
is a vertical flat cylinder C for q foliated by smooth circles freely homotopic to a. 
The boundary dC of C is a finite union of vertical saddle connections. Some of 
these saddle connections may occur twice on the boundary of C (if /i = a then this 
holds true for each of these saddle connections) . Assume without loss of generality 
(i.e. perform a suitable isotopy) that a is a closed vertical geodesic contained in 
the interior of C. 

For each saddle connection s in the boundary of C choose a compact arc 
contained in the interior of s. Choose moreover a foliation of C by compact arcs 
with endpoints on the boundary of C which is transverse to the foliation of C by 
the vertical closed geodesies and such that no leaf of J" has both endpoints in UsOg. 
We call the foliation J- horizontal. In particular, each arc a,, which occurs twice in 
the boundary of the cylinder C determines an embedded rectangle Rs in S. Two 
opposite sides of Rg are disjoint subarcs of a; we call these sides the vertical sides. 
Each of the remaining two sides consists of two half-leaves of the foliation J" which 
begin at a boundary point of Ug and end in a point of a. The interior of the arc Ug 
is contained in the interior of Rg. The rectangle Rg is foliated by horizontal arcs 
which are contained in leaves of 

The rectangles Rg are pairwise disjoint. Therefore there is a homotopy of S 
which collapses each of the rectangles Rg to the arc ag by collapsing each leaf of 
the horizontal foliation to a single point. We may assume that the resulting graph 
is a train track which carries a and contains for every saddle connection s which 
occurs twice in the boundary of C a large branch bg. 

If fj, = a then = a and the resulting train track r] is of topological type 
(mi, . . . ,me; —m). Moreover, the discussion in the beginning of this proof shows 
that it is large, and that there is some t such that is an interior point of 
Q{r). 

lia^ H then there is a saddle connection s on the boundary of C which separates 
C from S — C . In this case the arc is contained in the interior of a rectangle 
Rg with one side contained in a and the second side contained in the interior of a 
branch of a component of different from a. This branch is determined by the 
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horizontal geodesies which cross through s. As before, there is a homotopy of S 
which cohapses the rectangle Rs to a single branch. 

To summarize, the train track can be modified in finitely many steps to a 
train track 77 with the required properties by collapsing for every vertical saddle 
connection of 9 a rectangle with two sides on to a single large branch. This 
completes the construction and finishes the proof of the proposition. □ 

Remark: In the proof of Proposition 13. 2[ we constructed explicitly for every 
quadratic differential q e QiS) a train track Tq belonging to the stratum of q. If 
5 is a one-cylinder Strebel differential, i.e. if the support of the vertical measured 
geodesic lamination of q consists of a single simple closed curve, then the train track 
Tq is uniquely determined by the glueing pattern of the vertical saddle connections 
on the boundary of the cylinder. This fact can be used to give an alternative proof 
of the classification results of Kontsevich-Zorich jKZ03) and of Lanneau |L08) . 

4. A SYMBOLIC SYSTEM 

In this section we construct a subshift of finite type which is used in the following 
sections to construct a symbolic coding for the Teichmiiller flow on a component of 
a stratum in the moduli space of quadratic or abelian differentials. We continue to 
use the assumptions and notations from Sections 2 and 3. 

Thus let Q be a connected component of a stratum Q(mi, . . . , m^; —m) of Q{S) 
(or of a stratum H(mi/2, . . . ,m^/2) of H(S')). Let Q be the preimage of Q in Q{S) 
(or in?i(S')). Let 

CT{Q) C CT{mi, . . . , me] —m) 
be the set of all large train tracks r of the same topological type as Q such that 

Q(r) =Ut$*Q(T) 

contains an open subset of Q. Note that Q{t) is just the set of all quadratic 
differentials q whose vertical measured geodesic lamination is carried by r and 
whose horizontal measured geodesic lamination is carried by r*. The set CT{Q) is 
invariant under the action of the mapping class group. 

For T G CT{Q) let CC{t) C CC{mi, . . . , mf, —m) be the set of all large geodesic 
laminations of topological type (toi, . . . , m^; — m) which are carried by r. It follows 
from [H09a) that CC{t) is compact. Define moreover 

CC{Q) c £C{mi, . . . , me; —m) 

to be the closure (in the restriction of the Hausdorff topology) of the set of all 
minimal large geodesic laminations which support the vertical measured geodesic 
lamination of a quadratic differential q G Q. Then CC{Q) is invariant under the 
action of Mod(S'). Moreover, we have CC{t) C CC{Q,) for every r e £T{Q). 

We first look at large geodesic laminations which are models for one-cylinder 
Strebel differentials. Namely, define a geodesic lamination ^ G CC{Q) to be special 
if contains a unique minimal component c which is a simple closed curve. Such 
a geodesic lamination has isolated leaves which spiral about c from two different 
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sides (see |H09a| ) . Each such geodesic lamination C determines a cohection of large 
train tracks which carry C and which can be described as follows. 

Define a twist connector in a train track 77 to be a simple closed curve of class 
embedded in rj which consists of a large branch and a small branch. Call a 




large train track t e £T(toi, . . . , mf, —m) special if there is a smoothly embedded 
simple closed curve c C r which contains every switch of r. We also require that 
T has a single large branch, that this large branch is contained in c and that r can 
be modified with a sequence of shifts to a train track r' containing c as a twist 
connector. For every special train track r with embedded circle c C t there is a 
unique special large geodesic lamination ly e CC{t) which contains c as its minimal 
component and which is carried by r. 

The next lemma implies that special geodesic laminations exist for every com- 
ponent of a stratum. 

Lemma 4.1. (1) Every r G CT{Q) carries a special geodesic lamination v G 
CC{Q.). 

(2) CT{Q,) contains special train tracks. 



Proof. Let t G CT{Q) and let c be a simple closed curve carried by t. Then 
c defines a transverse measure on r. This measure is a limit (for the topology 
as a space of weight functions on the branches of t) of a sequence of transverse 
measures whose supports are contained in CT{t) (see the proof of Proposition 13.11 
for details). Since CC{t) is compact, by passing to a subsequence we may assume 
that the geodesic laminations Vi converge as i — )■ 00 in the Hausdorff topology to a 
large geodesic lamination ^ G CC{t) which contains c as a minimal component. 

For some hyperbolic metric on S and for sufficiently small e > 0, a train track 77 
which carries ^ and e- follows ^ is carried by t (Lemma 3.2 of |H09a| ) . Moreover, it 
contains c as an embedded curve of class . The topological type of the train track 
rj coincides with the topological type of ^ and hence with the topological type of r. 
The train track 77 also carries every geodesic lamination /? which is sufficiently close 
to ^ in the Hausdorff topology. Since ^ is a limit in the Hausdorff topology of the 
minimal large geodesic laminations Vi, the train track rj is large. Up to modifying 
77 by a sequence of shifts wc may assume that rj contains c as a twist connector. In 
particular, there is a right or left Dehn twist ip^ about c such that ipcrj -< rj. 

Choose a minimal large geodesic lamination C, G CC{rj). Then for each A: > 0, 
</3cC G -^£(77). Since CC{t]) is compact with respect to the Hausdorff topology, as 
A: — >■ cx) we may assume that Lp^C, converges in CC{r]) to a large geodesic lamination 
v. The lamination u contains c as a minimal component. Moreover, every leaf of 
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V distinct from c spirals about c. Thus v is special. The first part of the lemma is 
proven. 

Now if V is as in the previous paragraph, then for sufficiently small e a train 
track /3 which carries v and e-follows v is special. Moreover, it follows as in the 
second paragraph of this proof that /3 is large. This shows the second part of the 
lemma. □ 



Our goal is to use train tracks for a symbolic coding of the Teichmiiller flow on 
Q. However, the mapping class group Mod(S') does not act freely on large train 
tracks. To overcome this difficulty we extend the definition of a large train track 
as follows. 

Definition 4.2. A numbered large train track is a large train track r together with 
a numbering of the branches of t. 



The set 

(4) AAr(Q) 

of all isotopy classes of numbered large train tracks on S whose underlying unnum- 
bered large train track is contained in CT{Q) is invariant under the natural action 
of the mapping class group. Since a mapping class which preserves a large train 
track T as well as each of its branches is the identity (compare the proof of Lemma 
3.3 of [H09a) ). this action is free. 

Define a (numbered) combinatorial type to be an orbit of a (numbered) large 
train track under the action of the mapping class group. The set £o of numbered 
combinatorial types is the quotient of the set of all numbered large train tracks 
under the action of the mapping class group. If the numbered combinatorial type 
defined by a numbered large train track r is contained in a subset £ of then we 
say that r is contained in £ and we write [r] S £. Let 

fo(Q) 

be the set of all numbered combinatorial types of numbered train tracks which are 
contained in NT{Q.)- 

In the sequel we will call two large train tracks r, r' shift equivalent if r' can be 
obtained from r by a sequence of shifts. This defines an equivalence relation on 
the set of all large train tracks on S. If r is numbered, then any train track which 
is shift equivalent to r inherits a numbering from the numbering of t. If the large 
train track r' can be obtained from a large train track r by a single split, then a 
numbering of the branches of r naturally induces a numbering of the branches of 
r' and therefore such a numbering defines a numbered split. 

Definition 4.3. A full split of a (numbered) large train track r is a (numbered) 
large train track t' which can be obtained from r by splitting r at each large branch 
precisely once. 
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A full (numbered) splitting sequence is a sequence (t^) of (numbered) large train 
tracks such that for each i, the (numbered) large train track Ti+i can be obtained 
from Ti by a full (numbered) split. 

We say that a numbered combinatorial type x € £o{Q) is splittable to a numbered 
combinatorial type x' if there is a numbered large train track r contained in x 
which can be connected to a numbered large train track r' contained in x' by a full 
numbered splitting sequence. 

Lemma |4 . 5 1 below is the main technical tool used in this note. For the purpose of 
its proof and later use, we first establish a simple fact (which is well known to the 
experts) about the structure of quadratic differentials g G Q which are recurrent 
under the Teichmiiller flow. 

Lemma 4.4. Let q ^ Q he a point whose orbit under the Teichmiiller flow recurrs 
to a compact set K <Z Q for arbitrarily large times. Then the vertical measured 
geodesic lamination of a lift of q to Q is uniquely ergodic, with support in CC{Q). 

Proof. Let q E Q,\ctqE Q be a lift of q and assume that the support of the vertical 
measured geodesic lamination of q is not contained in CC{Q) .Then q admits at least 
one vertical saddle connection. This saddle connection has finite length. 

By continuity, for every compact set K (Z Q the minimal length of any saddle 
connection is bounded from below by a number c > 0. Now the length of a ver- 
tical saddle connection is exponentially decreasing under the Teichmiiller flow. In 
particular, the orbit of q does not return to K for arbitrarily large times. 

Moreover, Masur }M8 2j showed that the vertical measured geodesic lamination 
of a recurrent quadratic differential is uniquely ergodic. The lemma follows. □ 

Lemma 4.5. For every connected component Q of a stratum Q(mi, . . . , m^; — m) 
(or of a stratum 'H(toi/2, . . . , m^/2) j there is a set £{Q) C SoiQ) of numbered 
combinatorial types with the following properties. 

(1) For all x,x' € £{Q), x is splittable to x' . 

(2) If T is contained in £{Q) and if {Ti) is any full numbered splitting sequence 
issuing from tq — t then Ti is contained in £{Q) for all i > 0. 

(3) For every q E Q without horizontal and vertical saddle connections and 
every lift q of q to Q{S) (or to 'H{S)) there is some r e CT{Q) such that 
[t] &S{Q) andqe Q{t). 

Proof. Let for the moment rj G CT{mi, . . . ,mi; —m) be an unnumbered special 
large train track which contains a twist connector. This twist connector is an 
embedded simple closed curve c in 77 which contains the unique large branch e of rj. 
Splitting ?7 at e with a half-branch ft, C e as a winner results in a large train track 
which is obtained from 77 by a 1 /2-Dehn twist about the simple closed curve c. 

Let (J be a large train track which is shift equivalent to rj. Then for some fc > 0, 
a contains c as an embedded curve of class which is composed of fc -I- 2 branches, 
and k of these branches are mixed. The unique large branch eo of a is contained 
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in c. Modifying a with a full splitting sequence, with half-branches contained in 
c as winners, results in a collection of train tracks which is finite up to the action 
of the subgroup of Mod(S') generated by a Dehn twist tfc about c. Each of the 
large branches of any of these train tracks is contained in c. We call a train track 
with this property weakly special. Note that a special train track is weakly special. 
There is a train track r/ which is obtained from ry by a full splitting sequence, and 
there is a number k ^ Q such that 77' can be connected to tp^rj' by a full splitting 
sequence. 

Let Q be a connected component of a stratum. By the second part of Lemma 
14. 1[ there is a special train track r] G CT{Q)- Let Z be the set of all combinatorial 
types of weakly special train tracks in £T{Q). For [/3] S Z let C Z he 

the collection of all combinatorial types of weakly special train tracks ^ which are 
contained in Z and with the following additional property. There is an element 
e ^ g € Mod(5') and a representative /? € CT{Q,) of [/3] which can be connected to 

by a nontrivial full splitting sequence. By the discussion in the first paragraph 
of this proof, the set -4([/3]) is not empty. 

Since Z and the sets -4([/3]) are finite we can choose [a] e Z in such a way 
that ^([cr]) has the smallest cardinality. Let [^] g ^([cr]). By invariance under the 
action of Mod(5'), we have -4([^]) C yl([(T]). Since [a] e Z was chosen in such a way 
that the cardinality of ^([c]) is minimal, we conclude that in fact .4([f]) = ^([c]) 
and, in particular, [^] g .4([^]). As a consequence, for all € CT{Q) which are 
contained in ^([cr]) there is a nontrivial full splitting sequence connecting ^ to a 
train track g^' for some g E Mod(5). 

Now let r e AfT{Q) be a numbered large train track obtained from a train 
track f which is contained in ^([u]) by a numbering of the branches. By the above 
observation, there is a non-trivial full numbered splitting sequence issuing from 
T and ending at a numbered train track /3 whose underlying unnumbered train 
track is contained in the Mod(S')-orbit of ^. In particular, up to the action of the 
mapping class group, /? is obtained from r by a permutation of the numbering. The 
permutations of the numbering of r obtained in this way clearly form a semi-group 
and hence r can be connected to a train track in its own orbit under the mapping 
class group by a full numbered splitting sequence. 

Define £{Q) C £o{Q) to be the set of all numbered combinatorial types of all large 
train tracks which can be obtained from r by a full numbered splitting sequence. 
Let 9 E MT{Q) be contained in £{Q). By Lemma [4.11 ^ carries a special geodesic 
lamination v and hence it carries a special train track 77. Since 77 is special, it follows 
from the results of H09b that there is a weakly special train track rj' and there is 
some g E Mod(5') such that 9 can be connected to grj' by a splitting sequence. The 
discussion in the second paragraph of this proof then implies that we may assume 
that 9 can be connected to a weakly special train track by a nontrivial full splitting 
sequence. By the choice of r, we conclude that 9 can be connected to an element in 
the Mod(5')-orbit of r by a full numbered splitting sequence. In other words, the 
first property in the lemma holds true for f (Q), and the second is true by definition. 

To show the third property, let g G Q be without horizontal and vertical saddle 
connection and lei q E Q be a lift of q. By Proposition 13. 2[ there is a train track 
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f] e CT{Q) and a number t e M so that <i>*g G Q(^) and hence q £ Qiv)- Since 
the projection of Q{ri) contains an open subset of Q, there is a point z G Q whose 
$*-orbit is dense in Q in forward and backward direction and which admits a lift 
S G Q{r,). 

The support of the horizontal measured geodesic lamination of z is carried 
by T* . Since q does not have vertical saddle connections, there is a quadratic 
differential u G Q(??) whose horizontal measured geodesic lamination equals z'' and 
whose vertical measured geodesic lamination equals the vertical measured geodesic 
lamination q"" of q up to scale. By Proposition 13. II we have u G Q. 

Since the backward orbit of z is dense in Q, we have — )■ (t — )■ oo) 
for any distance function d induced by a complete Mod(S')-invariant Riemannian 
metric on Q [M80j . On the other hand, if r is the train track used in the construction 
of 5(2) then Q{t) contains an open subset of Q. Using once more the fact that 
the backward orbit of z is dense in Q, there is a number i G M and there is some 
g G Mod(S') so that g^^u G Q(t). In particular, the vertical measured geodesic 
lamination gq^ of gq is carried by r. 

Now q does not have any vertical saddle connection, and the set £{Q) has the 
second property stated in the lemma. From this we conclude as in the proof of 
Proposition 13 .21 that there is a numbered train track ( contained in £{Q) and there 
is some i G K. so that ^*gq G Q(C)- This shows the third property stated in the 
lemma. □ 

Remark: It is possible that S{Q) — So{Q)- 

Let fc > be the cardinality of a set £{Q) C £o{Q) as in Lemma [4.51 Number 
the k elements oi £{Q) in an arbitrary way. Identify each element oi £{Q) with its 
number. Define = 1 if the numbered combinatorial type i can be split with a 
single full numbered split to the numbered combinatorial type j and define Uij — 
otherwise. The matrix A — (aij) defines a subshift of finite type. Its phase space is 
the set of biinfinite sequences 

oo 

nc H {i,...,k} 

i— — oo 

with the property that (xi) G 51 if and only if axiXi+i — 1 for all i. Every biinfinite 
full numbered splitting sequence (ri) C NT{Q.) contained in £{Q) defines a point 
in O. Vice versa, since the action of Mod(S') on the set of numbered large train 
tracks is free, a point in 57 determines a Mod(S')-orbit of biinfinite full numbered 
splitting sequences. We say that such a full numbered splitting sequence realizes 

{Xi). 

The shift map a : Q, ^ Vl, a{xi) = (xj+i) acts on fi. For n > write A" = (ai""*); 

(n) 

the shift cr is topologically transitive if for all i, j there is some n > such that ai- > 
0. Define a finite sequence (a;i)o<i<n of points Xi G {1, . . . , A:} to be admissible if 

in) ~ 

II, : = 1 for all i. Then alj equals the number of all admissible sequences of 
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length n connecting i to j |Mn87j . The fohowing observation is immediate from 
the definitions. 

Lemma 4.6. The shift (fi, a) is topologically transitive. 

Proof. Let i,j € {1, . . . , fc} be arbitrary. By Lemma 14.51 there is a nontrivial finite 
full numbered splitting sequence {Ti}o<i<„ C NT{Q) connecting a train track tq of 
numbered combinatorial type i to a train track r„ of numbered combinatorial type 
j. This splitting sequence then defines an admissible sequence {xi)a<i<n connecting 
i to j. □ 

Remark: Without loss of generality, we can in fact assume that the shift a) 
is topologically mixing. Namely, by the discussion on p. 55 of |HK95| . otherwise 
there are numbers £, n > such that £n = k and that the following holds true. The 
elements of £{Q) are divided into n disjoint sets Ci, . . . , C„ of ^ elements each so 

that for Xi € Cj W6 hcLVG CLxiX-i-Li 

— 1 only if Xi+i € Q+i (indices are taken modulo 
n). Moreover, the restriction of cr" to Ci is topologically mixing. However, in this 
case we can assume that Ci contains a weakly special train track r. We can repeat 
the argument in the proof of Lemma 14.51 with a single full numbered split replaced 
by a full numbered splitting sequence of length n. This amounts to replacing (f2, a) 
by the topologically mixing subshift (Ci, cr") which has all properties stated above. 

5. Symbolic dynamics for the Teichmuller flow 

In this section we relate the subshift of finite type (il, cr) constructed in Section 
4 to the Teichmuller flow. We continue to use the assumptions and notations from 
Section 2-4. 

Let as before Q be a component of a stratum. Let NT{Q) be as in (j4]). For 
T G NT{Q) let V(t) be the space of all measured geodesic laminations carried by 
T and equipped with the topology as a set of weight functions on the branches 
of r. Let moreover VM.C{t) be the space of all projective measured geodesic 
laminations whose support is carried by r. Note that VAiC{T) is a compact subset 
of the compact space VM.C of all projective measured geodesic laminations on S. 

Let (Ti)o<i C AfT{Q) be any full numbered splitting sequence. Then we have 
7^ VMC{Ti+i) C VMC{Ti) and hence r]iVMC{Ti) is a non-empty compact subset 
of VMC If r\iP AAC{Ti) consists of a unique point then we call (r^) uniquely ergodic. 
Using the notations from Section 4, we call the sequence {xi) € fl uniquely ergodic 
if some (and hence every) full numbered splitting sequence which realizes (xi) is 
uniquely ergodic with support in CC{Q). This implies in particular that for every i 
a transverse measure on deflned by a point C £ nV(ri) is positive on every branch 
of Ti. Moreover, the sequence (r^) is uniquely determined by tq and ^ |H09a] . 

For fi £ '^i''') let /i(T) be the total weight which ^ puts on r (i.e. is the 
sum of the weights over all branches of r). Let U C ft he the set of all uniquely 
ergodic sequences. We define a function p : Z// — > M as follows. For (xi) £ U 
choose a full numbered splitting sequence (r^) C NT{Q,) which realizes {xi). Let 
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^ G Vo(ro) n Pi V(Ti) be carried by each of the train tracks n where as before, Vo(t) 
is the set of all transverse measures on r of total weight one. Define 

p{xi) = -log/x(ri). 

By equivariance under the action of the mapping class group, the number p{xi) £ R 
only depends on the sequence {xi) G lA. In other words, p is a function defined on 
U. We have 

Lemma 5.1. The Junction p : U ^ M. is continuous and only depends on the future. 

Proof. By construction, we have p{xi) — p{yi) if Xi — yi for all i > 0, i.e. p only 
depends on the future. 

To show continuity let [xi) and let e > 0. By the definition of the topology 
on the shift space it suffices to show that there is some j > such that 

\p{yi) - P{xi)\ < e 

whenever (yi) € U is such that = t/i for < i < j. For this let (r^) be a full 
numbered splitting sequence which realizes {xi). Then (r^) determines a measured 
geodesic lamination A G Vo(ti). By definition, p{xi) = logA(ro). 

Let p > be the number of branches of a train track in CT{mi, . . . , ; — m). 
This number only depends on the sequence (mi, . . . , m^; — m) (see |PH92j ). The 
set Vo(ti) of all transverse measures on ri of weight one can be identified with 
a compact convex subset of M.P. The natural projection tt : Vo(ti) — VAiC is 
a homeomorphism onto its image with respect to the weak*-topology on VAiC 
[PH92I . There is a neighborhood V of 7r(A) in VMC with the following property. 
Every v G Vo(ti) with 7r(zy) G V defines a transverse measure on tq whose total 
weight is contained in the interval (e''(^»)~'^, e''^^'-'+^). 

Now for every j > the set VM.C{Tj) of all projective measured geodesic lami- 
nations which are carried by Tj is a compact subset of VMC containing 7r(A), and 
we have VMC{tj) C VMCiji) for j > i and DjVMCiTj) = 7r(A). As a conse- 
quence, there is some jo > such that VMC{Tjg) C V. By the definition of p, this 
implies that the value of p on the intersection with U of the cylinder {{yi) \ yj = Xj 
for < j < jo} is contained in the interval {p{xi) — e,p{xi) + e). This shows the 
lemma. □ 

The next lemma gives additional information on the function p. For its formu- 
lation, let p > be the number of branches of a train track t G CT{Q)- 

Lemma 5.2. The function p maps lA to (0,plog2]. 

Proof. We have to show that < p{xi) < plog2 for every (xi) G U. For this choose 
a full numbered splitting sequence (t^) C MT{Q) which realizes {xi). Using the 
above notations, let A G Vo(to) be the strongly uniquely ergodic measured geodesic 
lamination defined by (t^). Then A is carried by each of the train tracks t^, and it 
defines a transverse measure p on tq of total weight one. 

Let e be a large branch of tq and let r' be the large train track which is obtained 
from To by a single split at e and which is splittable to n (compare |H09a| for 
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details). Let e' be the branch m r' which is the diagonal of the spht of tq at e. 
This means that e' is the branch in t' which is the image of e under the natural 
bijection A of the branches of tq onto the branches of r'. Let fi' be the transverse 
measure on r' defined by the measured geodesic lamination A. There are two 
branches 6, d in t incident on the two endpoints of e such that 

^^{e) = ^l'ie') + ^l'{A{b)) + ^/{^{d)). 

Moreover, we have fi{a) — ^'(A(a)) for every branch a ^ e of tq and hence /x'(t') G 
[1/2,1]. Since ti can be obtained from r by at most p splits this immediately 
implies that p is nonnegative and bounded from above by plog2. 

On the other hand, by the choice of A, the measure /i' is positive on every branch 
of r'. Then the same consideration as above shows that p > onU. Note however 
that p is not bounded from below by a positive constant. □ 

A (finite or infinite) sequence (xi) C {1, . . . , fc} is called admissible if aj-.j..^-^ = 1 
for all i where (a^) is the transition matrix defining the subshift of finite type 
(f2, cr). Call a biinfinite sequence (xj) € fl normal if every finite admissible se- 
quence occurs in (xj) infinitely often in forward and backward direction. Call a 
finite admissible sequence (yi)o<i<f tight if for one (and hence every) full numbered 
splitting sequence (Ti)o<i<£ realizing (jji) the natural carrying map re — >■ tq maps 
every branch b of ti onto tq. By the definition of £{Q) and by Lemma [4.5) tight 
finite admissible sequences exist. 

The following observation is Lemma 5.2 of }H09b) . 

Lemma 5.3. Let (Ti)o<i<n C CT{Q) be any finite numbered splitting sequence such 
that for some £ < n both sequences (Ti)o<i<£ and {Ti)i<i<n CLre tight. Then there is 
a compact subset K of Q depending on the sequence with the following property. Let 
(/i, v) be a pair of measured geodesic laminations with u) — 1 and such that fi 
is carried by Tn and that v is carried by Tq . Assume that p, is normalized in such a 
way that /z G Vo(to). Then there is a quadratic differential q G Q{S) (or q £ 'H(5) ) 
with vertical and horizontal measured geodesic lamination p, v, respectively, and q 
projects into K . 

We use this fact to show 

Lemma 5.4. Let (xi) G il &e normal and let (r^) C MT{Q) be a full numbered .split- 
ting sequence which realizes (xi). Then r\iP M.C{Tj) consists of a single uniquely er- 
godic projective measured geodesic lamination whose support is contained in CC{Q). 

Proof Let {yi)o<i<n be an admissible sequence such that for some £ < n, both 
sequences {yi)o<i<g and {yi)i<i<n are tight. Let (Ti)o<i<n be a full numbered 
splitting sequence which realizes {yi)o<i<n- Let p be the number of branches of a 
large train track r € CT{Q) on S. For A € Vo(t„) the maximal weight of a branch 
of Tn for the transverse measure defined by A is not smaller than 1/p. Then by 
linearity of the carrying map and by the definition of a tight sequence, the minimal 
weight put by A on any branch of ti is not smaller than I /p. Since the A- weight 
of a large branch of ti equals the sum of the weights of two distinct branches of 
T£ and since Tg has at least one large branch, the total weight A(r^) of A satisfies 
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-^(t^) > In particular, if (xi) £ U is such that Xi — yi for < i < n then we 

have ^JJo p(cr^(a;»)) > log 

Now let (xi) S Q be normal and let (t^) be a biinfinite full splitting sequence 
which realizes (xi). Let /i e Vo(to) n C\,iV{Ti). Choose a quadratic differential q g 
Q{tq) with vertical measured geodesic lamination /i. Since (xi) € fl is normal, the 
finite admissible sequence (yi)o<i<n occurs in {xi)o<i infinitely often. By Lemma 
15.31 and the discussion in the first paragraph of this proof, the projection to Q of 
the orbit <I>*g of the Teichmiiller flow intersects a fixed compact subset K of Q for 
arbitrarily large times. By Lemma [4.4[ fi is uniquely ergodic with support contained 
in CC{Q). This completes the proof of the lemma. □ 

By Lemma l5.41 the set of normal points in Q is contained in the set U of uniquely 
ergodic points. Since normal points are dense in Q,, the same is true for uniquely 
ergodic points. 

As in Section 2, for r e AfT{Q) let V*(r) be the set of all measured geodesic 
laminations carried by r* and denote by 7^V*(r) the projectivization of V*(t). If 
r' e MT{Q) is obtained from t € AfT{Q) by a single split at a large branch e and 
if C is the matrix which describes the transformation V(t') V(t) then the dual 
transformation V*(r) V*(r') is given by the transposed matrix C* |PH92j . 

As in the proof of Lemma 15.41 we observe 

Lemma 5.5. Let (xi) £ Q be normal and let (r^) C MT{Q) he a full numbered split- 
ting sequence which realizes {xi); then C\i^QPV*{Ti) consists of a single uniquely er- 
godic projective measured geodesic lamination whose support is contained in CC{Q). 

We call the sequence (xi) e Q doubly uniquely ergodic if (xi) is uniquely ergodic 
as defined above and if moreover for one (and hence every) full numbered splitting 
sequence (t;) £ MT{Q) which realizes {xi) the intersection ni<o'PV*(ri) consists 
of a unique projective tangential measure with support in CC{Q). By Lemma 15.41 
and Lemma 15.51 every normal sequence is doubly uniquely ergodic and hence the 
Borel set VU C of all doubly uniquely ergodic sequences (xi) £ il is dense. 

Now let (xi) £ VIA and let (t^) be a full numbered splitting sequence which 
realizes {xi). By the above discussion, (ji) determines a pair (/i, J^) of measured 
geodesic laminations by the requirement that /j, £ Vo(to) H C\i>o^{Ti), that v £ 
ni<oV*(ri) and that i{^,v) — 1. By equivariance under the action of the mapping 
class group, this implies that every sequence {xi) £ VU determines a quadratic 
differential 

(5) S(a;i) e Q C Q(mi, . . . ,m£; -to). 

This quadratic differential is contained in the subset UQ C Q of all area one 
quadratic differentials in Q whose vertical and horizontal measured geodesic lam- 
inations are strongly uniquely ergodic, with support in CC{Q). Note that UQ 
is a <i>*-invariant Borel subset of Q. Its preimage UQ in Q{S) (or in H(S')) is a 
<i>*-invariant Borel subset of Q. 

Our next goal is to show that the map S is finite-to-one. 
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Lemma 5.6. For q Cz UQ there is a neighborhood V of q in Q and there are 
finitely many train tracks ti,...,t„ G CT{Q) (where n depends on q) with the 
following property. If rj Cz CT{Q) is such that $*z € Q(?7) for some z £ V and 
some t e [0,plog2] then r] e {ti, . . . , r„}. 

Proof. A marking |MM99| consists of a pants decomposition P for S and a system 
of simple closed spanning curves. For each curve 7 G P there is a unique spanning 
curve which is contained in 5' — (P — 7) and which intersects 7 in the minimal 
number of points. The spanning curves may intersect. 

The mapping class group Mod(S') naturally acts on the set of all markings of 
S. By equivariance and the fact that Mod(S') acts on £T{Q) with finitely many 
orbits, there is a number A: > and for every train track r € CT{Q) there is a 
marking P of 5 which consists of simple closed curves carried by t and such that 
the total weight of the counting measures on r defined by these curves does not 
exceed k (compare the discussion in |MM99| ). We call such a marking short for 
T. The intersection number i(c, c') between any two closed curves c, c' which are 
carried by some r g CT{Q) and which define counting measures on r of total 
weight at most k is bounded from above by a universal constant (Corollary 2.3 of 
[H06j ) . Thus if P is a short marking for r, with pants decomposition P, then the 
intersection number between any two spanning curves for P is bounded from above 
by a universal constant A;' > 0. In the sequel, we require for every marking of S 
that this intersection bound holds true. 

Let T{S) be the Teichmiiller space of all complete finite volume hyperbolic met- 
rics on S. By equivariance under the action of the mapping class group, there is 
a number Xo > and for every marking P of (with a uniform control of inter- 
sections numbers between the spanning curves) there is a complete finite volume 
hyperbolic metric h e T{S) such that the /i-length of each marking curve is at 
most xq- We call such a hyperbolic metric short for F. By standard hyperbolic 
trigonometry, there is a number e > such that every hyperbolic metric which 
is short for some marking P of is contained in the set T(S)e of all hyperbolic 
metrics whose systole, i.e. the shortest length of a closed geodesic, is at least e. 
Moreover, the diameter in T{S) with respect to the Teichmiiller metric d of the 
set of all hyperbolic metrics which are short for a fixed marking P is bounded from 
above by a universal constant. 

Define a map A : £T{Q) — > T{S) by associating to a large train track r a 
hyperbolic metric A(t) G T{S) which is short for a short marking for r. By the 
above discussion, there is a number xi > only depending on the topological type of 
S such that if A' is another choice of such a map then we have d{A{T), A'(t)) < xi 
for every r G LT(Q). In particular, the map A is coarsely yLod{S)-equivariant: 
For every r G CT{Q) and every g G Mod(5) we have d{K{gT) , g K{t)) < xi- By 
properness of the action of Mod(S') on T{S)e, this implies that for every x G T{S) 
and every P > there are only finitely many large train tracks rj G CT{Q) with 
d{A{r]),x) < R. 



Let 



P : Q{.S) ^ TiS) (or P : H{S) ^ T{S)) 
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be the canonical projection. It now sufBces to show that for q d UQ there is a 
neighborhood V oiqin Q and a number R > with the following property, li z E V, 
if t e [0,plog2] and r] e CT{Q) arc such that $*z e Q{r]) then d{A{T]),Pq) < R. 

To show that this indeed holds true we follow the reasoning in Section 4 and 
Section 5 of |H09bj . Namely, up to increasing the above constant xo > 0, we may 
assume that for every quadratic differential z e Q there is a simple closed curve 
on S whose q -length, i.e. the length with respect to the singular euclidean metric 
defined by q, is at most xo- 

The curve graph C{S) of S is the metric graph whose vertices are the essential 
simple closed curves on S and where two such vertices are connected by an edge of 
length one if and only if they can be realized disjointly (see |MM99] ). Define a map 
T Q : Q — )■ C{S) by associating to a quadratic differential q a simple closed curve 
T Q{q) of g- length at most xo- Then there is a number L > such that the image 
under T q of every flow line of the Teichmiiller flow is an unparametrized L-quasi- 
geodesic: For every z € Q there is an increasing homeomorphism : R — )■ R such 
that the curve t Tg(<i>'^(*)z) is an L-quasi-geodesic in C{S) (see |MM99j and also 
[H09bllHT0b] V 

A vertex cycle for a complete train track t is a simple closed curve carried by 
T whose counting measure deflnes an extreme point for the space of all transverse 
measures on r. The distance in C{S) between a vertex cycle of t and a curve of 
A(T)-length at most xo is bounded from above by a universal constant 6 > (see 
the discussion in |H09b|lH10b| ). Moreover, for every q S Q(t), the distance in C{S) 
between a vertex cycle for r and the curve Tg((7) is at most b [H06j . 

By Lemma 4.2 of |H09bj . there is a number £ > and for every e > there is a 
number m(e) > with the following property. Let cr, r g CT{Q) and assume that a 
is carried by r and that the distance in C{S) between any vertex cycle of a and any 
vertex cycle of r is at least Let q E Q{t) be a quadratic differential whose vertical 
measured geodesic lamination q^ is carried by cr. If the total weight of the transverse 
measure on a defined by q^ is not smaller than e, then (i(A(r), Pq) < m{e). 

Now let q e UQ. Then d(Tg($*g), TQ(g)) ^ oo (t ^ oo) (compare |MM99| 
IH06|IH10c] ) and therefore there is a neighborhood V of g in Q and there is a number 
T > such that 

d(Tg($*z),Tg($"z)) >^ + 26+2plog2 
for aU t > T, aU s e [0,plog2] and for all zeV. 

Let z € let s € [0,plog2] and let r] € CT{Q) be such that ^"z G Q(r?). If 
a e CT{Q,) is such that g Q{a) for some t G [T,r + plog2] and if a can be 
obtained from r by a full splitting sequence then the distance in C{S) between a 
vertex cycle of r and a vertex cycle of a is at least £. Thus cr, r satisfy the hypothesis 
in Lemma 4.2 of [H09b| as stated above with a number e > e~^~^''°s2. This implies 
that d{Pz, A{r] j) < m{e) which shows the lemma. □ 
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Recall that the function p on the dense shift invariant Borel set VIA C $7 is 
continuous, positive and bounded from above by plog2. The suspension for the 
shift (J on the invariant subspace 'DIA with roof function p : VU — > (0,plog2] is the 
space 

X = {{xi) X {^,p(xi)\ I {xi) e VU}I ^ 

where the equivalence relation ~ identifies the point ((xi), with the point 
(a(xi), 0). Note that ^ is a closed equivalence relation on VU since the function p 
is continuous. There is a natural flow 6* on X defined by 9*(a;, s) = (cr-'a;, s) (for 
s > 0) where j > is such that 0<s = t + .s — X^to Pi'^^^) < p{cr^x). 

A semi-conjugacy of (X, 0*) into a flow space {Y,^^) is a continuous map T : 
X ^ Y such that $*T(a;) = T(e*a;) for all x e X and aU t G R. We call a 
semi-conjugacy T finite-to-one if the number of preimages of any point is finite. 
By construction, there is a natural extension of the map S defined in equation ([5]) 
to the suspension flow (X, 0*), again denoted by 5, which is a semi-conjugacy of 
{X, 0*) into (Q, $*). The next lemma gives additional information on S. 

Corollary 5.7. T/ie semi-conjugacy S : (X, 0*) — )■ (Q, $*) Z5 finite-to-one. Its 
image equals the -invariant subset UQ C Q. 

Proof. For every r S NT{Q) and every q £ Q(t) whose vertical measured geodesic 
lamination has support v £ LC{Q) there is a unique full numbered splitting se- 
quence (Ti)i>o issuing from tq = r which consists of train tracks carrying v [H09a) . 
Thus Lemma [5.61 implies that for every [xi) € VU the cardinality of S~^(S(a;i)) is 
finite. The map S is clearly a semi-conjugacy. Continuity follows as in the proof of 
Lemma [5A] Thus we are left with showing that the image of S equals the set UQ. 

For this let q £ UQ and let g be a lift of q to Q. By Lemma 14.51 there is 
some [t] e £{Q) such that q G Q(t). If p,,^ are the supports of the vertical 
and horizontal measured geodesic laminations of q, respectively, then there is a 
biinflnite full numbered splitting sequence (t^) C MT{Q) issuing from t such that 
the intersection ni>o'PA^>C(ri) consists of a unique point which is just the class of 
p, and that the intersection C]i.^QV MC{t*) consists of a unique point which is the 
class of V. Since the suspension of the orbit of a point in VU under the shift is 
mapped to a biinfinite flow line of the Teichmiiller flow, this shows that the map S 
maps VU onto UQ. □ 

Remark: The Teichmiiller flow is not hyperbolic, and the map 5 is not bounded- 
to-one. 

Since the roof function p on VU C is continuous, uniformly bounded and 
positive, every tr-invariant Borel probability measure v on Q which gives full mass 
to VU induces an invariant measure v for the suspension flow {X, 8*) of total mass 
J pdv < oo. The measure i) is deflned by dD — dv x dt where dt is the Lebesgue 
measure on the flow lines of the suspension flow. The image of i> under the semi- 
conjugacy S is a finite $*-invariant Borel measure on Q which we may normalize 
to have total mass one. Thus if Aia{VU) denotes the space of all cr-invariant Borel 
probability measures on n which give full measure to VU then S induces a map 

: M.{VU) ^ MinAQ) 
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where A4inv{Q) is the space of of -invariant Borel probabihty measures on Q. 
We equip both spaces with the weak* -topology. We have 

Lemma 5.8. The map is continuous. 



Proof. Since 51 is a compact metrizable space, the space of ah Borel probability 
measures on Q equipped with the weak* -topology is compact. Thus we only have 
to show that whenever /i; — > /i in Ma^pU) then 5,(/ii) 

Now by Lemma l5.2| the function p is continuous on "DIA, bounded and positive 
and hence \i p,i ^ fi in J^„[T>hl) then J pdjii — > / pdp > 0. In particular, we have 
jli{X) — >■ fl{X) where fli,fl are the finite Borel measures on the suspension space 
(X, 0*) defined by the measures Therefore E^,{pi) if and only if 

for every continuous function / on Q with compact support we have J f ° 'E.dpi — )■ 
J / o Sd/i. However, since S is continuous this is immediate. □ 

The next result completes the proof of Theorem [T] from the introduction. 
Lemma 5.9. The map : Ad^i'DU) A^inv(Q) is surjective. 

Proof. It suffices to show that every ergodic ^'-invariant Borel probability measure 
on Q is contained in the image of . 

Thus let v be an ergodic $*-invariant Borel probability measure on Q. By the 
Birkhoff ergodic theorem, there is a density point q G Q ioi ly such that the Borel 
probability measures 



converge weakly to as T — >■ oo where 5^ denotes the Dirac mass at x. By Lemma 
14.41 and the Poincare recurrence theorem, we have q € UQ. Hence up to possibly 
replacing q by <I>*(7 for some t eM. there is some (xi) E VIA with = q. 

By Lemma 15.61 there is a neighborhood 1^ of g in Q such that the preimage of 
V under the map S is a finite union of Borel sets Wi C X {i = 1, . . . , fc). Since 
i^tIV — > I'lV weakly as T — oo and since the map S is equivariant with respect 
to the suspension flow and the Teichmiiller flow we conclude that the restriction to 
uf^iWi of the Borel probability measures 



converge weakly to a measure on UiWi which projects to the measure on V. Since 
q was an arbitrary density point for v we conclude that the measures i>T converge 
weakly to a 0*-invariant Borel probability measure on X whose image under the 





map is just v. Thus is surjective. 



□ 
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6. The measure of maximal entropy 

In this section we use the subshift of finite type constructed in Sections 2-5 to 
show that for every component Q of a stratum, the ^'-invariant probabiUty measure 
A in the Lebesgue measure class is the unique measure of maximal entropy. For 
strata of abelian differentials, this was earlier shown by Bufetov and Gurevich 
[BG07] . 

The strategy is as follows. Let q £ Qhe any birecurrent point which is contained 
in its own a-and w-limit set for the flow $*. By the Poincare recurrence theorem, 
for every <i>*-invariant Borel probability measure n the set of such points is of full 
/i-mass. We construct a topological Markov shift on a countable set S of symbols, 
given by a transition matrix A = {aij)sxs- The phase space of this shift is the 
space 

S = {iy^) £ I ay.y.+, ^ 1 for all i}. 
We find a positive roof function (0,oo) of bounded variation and only 

depending on the future such that the suspension of the shift T : E — )■ S with 
roof function (f admits a bounded-to-one semi-conjugacy into (Q, $*). Its image 

V is $*-invariant and contains all points z S Q which contain the fixed quadratic 
differential q in their a-and w-limit set. Since almost every orbit for the Lebesgue 
measure is dense in Q, the set V is of full Lebesgue measure. 

We use this coding and a result of Sarig |S99| to show that the supremum of 
the entropies of all $*-invariant Borel probability measures which give full mass to 

V is the supremum of the entropies of all such measures supported in a compact 
invariant subset of Q. We then apply a result of Buzzi and Sarig |BS03) to establish 
that the supremum is achieved by at most one measure. However, it follows from 
[HlOa] that the entropy h of the Lebesgue measure on Q is the supremum of the 
entropies of all invariant Borel probability measures supported in compact invariant 
sets. This then implies Theorem [2] from the introduction. 

We need the following simple observation. 

Lemma 6.1. Let {Ti)o<i<k C CT{Q) be any full splitting sequence, let og > and 
let fi^v be transverse measures on with fi{b) < aovQ)) for every branch b of t^. 
Then the transverse measures fJ-ajVo on tq defined by ijl,v satisfy iJ,o{e) < aoi'o(e) 
for every branch e of tq. 

Proof. The lemma follows immediately from the fact that the natural map V(Tfc) — > 
V(to) is the restriction of a linear map from the finite dimensional vector space of 
weight functions on the branches of to the vector space of weight functions on 
the branches of tq which preserves positivity. □ 

We say that a simple closed curve c on S* fills a large train track r if c is carried 
by r and if the transverse measure on r defined by c is positive on every branch. 
A vertex cycle of a large train track t is a measured geodesic lamination which is 
carried by r and which spans an extreme ray in the convex cone of all measured 
geodesic laminations carried by r. Masur and Minsky |MM99) observed that a 
vertex cycle is always spanned by a simple closed curve. 
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To simplify the notations, in the sequel we identify a measured geodesic lamina- 
tion /X carried by a train track t with the transverse measure it defines on r. Using 
the assumptions and notations from Sections 2-5 we observe 

Lemma 6.2. Let tq € CT{Q) and let q € Q(to) be such that the vertical measured 
geodesic lamination ( of q is uniquely ergodic, with support in LL{Q). Let (Ti) C 
CT{Q) be a full splitting sequence with njV(r,) = (0, oo)C. Then there is some 
k>Q with the following properties. 

(1) Every vertex cycle of Tk fills tq. 

(2) Let fi, V G Vo(to) be norm,alized transverse measures on tq defined by mea- 
sured geodesic laminations which are carried by Tk ■ Then 

I/V2 < ii{b)/u{b) < V2 

for every branch b of tq. 

(3) There is a number S > with the following property. Let fJ,,!^ & Vo(t/c) 
be positive normalized measures and let ao = vam.{iJL{b)/y(b),v{b)/ ^,{b) \ 6} 
where b ranges through the branches of Tk. Then the normalized measures 
lio,yo e Vo(to) induced by fjb, v via a carrying map Tk to satisfy 

mm{ij.o{b)/uo{b),i/o{b)/iJ.o{b) \ b} > ao + 5(1 - ao). 

Proof. Let tq G CT{Q.) and let Q G Vo(to) be a uniquely ergodic measured geodesic 
lamination whose support is contained in CC{Q). Then the ^-weight of every 
branch of tq is positive. Let (ri) be the full splitting sequence such that for every 
i, the train track Tj carries Q. For each i let Ai = Vo(ro) n V(Tj) be the set of all 
normalized transverse measures on to defined by measured geodesic laminations 
which are carried by t^. Then Ai^i C Ai and moreover C]iAi = {C}. Since the 
^-weight of every branch of Tq is positive, there is a number k > so that for 
sufficiently large i, say for all i> io, for every u G Ai and for every branch b of tq 
we have 1^(6) > k. In particular, every vertex cycle of fills tq. This shows the 
first part of the lemma. Moreover, by possibly increasing io, we can assume that 
for k> io the conclusion in the second part of the lemma holds true. 

To show the third part of the lemma, let io > and k > be as above. Let 
k > io- By Property (2), if ^, G V(Tfc) and if ^0,1^0 € Vo(to) are the normalized 
transverse measures on to defined by /x, v then 

(6) 1^0 = ^1^0 + a 

where a is a transverse measure on tq. 

For a transverse measure jj, G V(Tfc) let fi G V(to) be the image of n under 

the carrying map V(Tfe) — > V(to). Let /i, G Vo(t/j) be any two distinct positive 
normalized transverse measures on Tk. Let ao = min{/x(6)/i^(6), i/(&)//Lt(&) | b} G 
(0, 1); then /z — ooz^ is a transverse measure on Tk of weight 1 — ao. Assume that 
/*(''o) < i'iTQ). Let 2(5 > be a lower bound for [i{to)/v{to) which does not depend 
on /X, i/ G Vo(Tfe); such a lower bound exists since Vo(t/c) is compact. By the choice 
of 5 and naturality under scaling, we have 

(/t - aoi>)(To) > 25(1 - oo)i>(To). 
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By the estimate ([6]), applied to the normaUzed measures fi— aoP / {fl(To) — aoP(To)) 
and /v{tq) on tq we have 

fi-aoi)^ l(/i(ro) - aot>(ro))z>/i>(To) + a 

for a transverse measure a on tq and hence 

(7) /i = (ao + i(/i(To)/j>(To) - ao))i> + a. 

However, /i(To) = ao£'(To) + (/t — ao£')(To) > (ao + 25(1 — ao))^'(To) and consequently 
jxiTo) / v{tq) > ao + 2(5(1 — ao). Together with inequality ([7]), this shows that 

But //(tq) < i^(To) and therefore the normalized transverse measures ^0,1^0 on 
Tq satisfy /iq > (oq + <5(1 — ao))^'o- In particular, we have fio(b) / h'Q{b) > oq + 
(5(1 — oq) for every branch b of tq as claimed. If /-f(To) > j^(to) then inequality (l7| 
immediately yields the required inequality for 6 — 1/2. This shows the third part 
of the lemma. □ 



We call a finite full splitting sequence (Ti)o<i<fc weakly tight if the train tracks 
Tk -< Tq satisfy the conclusion of Lemma 16.21 

Let (7 e Q be any recurrent point whose a- and w-limit set under the flow 
contains itself. Let q E Q be a lift of q. By Lemma 14.41 the vertical and 
horizontal measured geodesic lamination of q is strongly uniquely ergodic, with 
support ( G CC{Q). Let p > be as in Lemma [5.21 By Lemma [4.51 and Lemma 
15.61 there are finitely many large numbered train tracks ri, . . . , r„ S MT{Q) which 
are contained in £{Q) and such that $*q e Q{'rf) for some t £ [0,plog2] if and only 
if 7] e {ri,...,r„}. 

By Lemma [6^ there is a number fc > such that the following holds. Let i < n 
and let (o'])o<j<A: be a full numbered splitting sequence of length k issuing from 
(Tq = Ti with the property that cr^. carries the support C of the vertical measured 
geodesic lamination of q. Then the sequence (crpo<j<fc is weakly tight. 

Recall the definition of an admissible sequence. Define S to be the set of all 
finite admissible sequences (xi)o<i<s with the following additional properties. 

(1) s > 2k and the sequences {xj)o<j<k and {xj)s-k<j<s sue realized by one of 
the full splitting sequences (cr])o<j<fe (* < n). 

(2) There is no number t G [k,s — k) such that the sequence {xj)t<j<t+k is 
realized by one of the full splitting sequences {(^j)o<j<k- 

Note that 5 is a countable set. 

Define a transition matrix A — {aij)sxS by requiring that = 1 if and only if 
the sequence (a:p)o<p<s representing the symbol i and the sequence (yt)o<t<u repre- 
senting the symbol j satisfy yt = Xs-k+t for every t € {0, . . . , k}. By construction, 

(8) 3ii, . . . , ijv G 5 such that \fi £ S 3j, k such that ai-iau^. = 1. 
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In other words, the transition matrix has the big images and preimages (BIP) 
property as defined in jS03j . 

Let E be the set of all biinfinite sequences (y^) C 5^ with ay.y.^^ — 1 for all 
i, equipped with the (biinfinite) shift T : E — > S. There is a natural continuous 
injective map 

G -.^^fl 

whose image contains the set of all normal sequences. Here fl is as in Lemma 
14.61 We claim that the image of G is contained in the set VU of uniquely ergodic 
sequences. Namely, by the definition of a weakly tight sequence and by Lemma l6.ll 
if (Ti) is a full splitting sequence which realizes (yi) the niV(ri) n Vo{tq) consists 
of a unique positive transverse measure. Moreover, by the BIP-property ([8]) and 
the discussion at the end of Section 5 we may assume that the topological Markov 
chain (E,T) is topologically mixing. 

Define a roof function on S by associating to an infinite sequence (yi) £ E 
with yo = {x,)q<,<s the value 

s — k 
1=0 

By Lemma 16.21 the function is bounded from below by a positive constant, is 
unbounded and only depends on the future. 

Define the n-th variation of (p by 

var„((^) = sup{(p{y) - ip{z) | = for i = 0, . . . , n - 1}. 

We have 

Lemma 6.3. There is a number G (0, 1) and a number L > such thatvain{^p) < 
for all n>\. In particular, 

var„(iy9) < oo. 

n>l 



Proof. Let n > 1 and let {yi), {zi) G E be such that yt = Zi for i = 0, . . . , n — 1. By 
definition, there is a finite full numbered splitting sequence (Ti)o<i<« C J^T{Q), 
there are numbers k<£o — k<io<---< in-i ~ u and there are two uniquely 
ergodic measured geodesic laminations ^i,v £ V'o(t^o-a:) with support in CL{Q) 
such that the following holds. 

(1) The measured geodesic lamination v projects to the vertical measured 
geodesic lamination of EG{yi), 'E.G{zi) (where S is as in Section 5). 

(2) fj,,v are carried by t^. 

(3) The sequence (Ti)o<i<fe and each of the sequences {Ti)i.-k<i<ij [j <n — 1) 
is weakly tight. 

(4) ^{y^) = E-ro'p(^^G(2/,)) and ^(z.) = E■U'pi^'Gi^^))■ 
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Let 6 £ (0, ^) be as in Lemma lQI We show by induction on n that for k = l — 6> i 
we have 

1 - < mm{fiib)/i^ib) I b C T£„_fc} < max{/i(6)/i/(6) | b} < 

i — k" 

For this note first that the claim holds true for n = 1. Namely, since /x, i/ are 
carried by t^^, by the properties of the sequence {Ti)ig-k<i<io we obtain from the 
second part of Lemma [6.21 that the measures /i, satisfy ^i{b)/v{b) e [1/a/2, V^] 
for every branch b of Ti^~k- This implies the claim for n = I (with the constant 
1/2 < k). 

By induction, assume that for some n> 2 the claim holds true for k = 1 — 6 > ^ 
and all m e [1, n— 1]. Let (yi), (zi) G S be such that yi = Zi for < i < n— 1. Using 
the above notations, let /ii, i>i G Voiri-^-k) be normalized multiples of ^, By the 
induction hypothesis, applied to the sequences T{yi),T(zi), we have 1 — < 
fii{b)/i^i{b) < (1 — for every branch b of Ti^-k- Lemma [6.21 now shows 

that the normalized transverse measures /i, v on r^o^fc which are the images of the 
measures /^i, vi under a carrying map Tg^-k — Ti^~k satisfy 

H{b)/i^{b) > 1 - + > 1 - 

for every branch b of T^p-fe claimed. 

Now let fJ-ji' (z Vo(T£Q_fc) be normalized positive transverse measures on Ti^^k so 
that 

mm{fi{b)/i'{b),iy{b)/fi{b) \ b} > a 

for some a > 0. Then /i(To)/i^(To) G [a, a^^] and therefore if /ioi G Vo(''o) are the 
normalizations of /i, then 

Ifif^o) - fM\ = |log/i(To) -logt^(ro)| < -loga. 

As a consequence, the above estimate implies that \ f(yi) — f{zi)\ < — log(l — k"^^) 
if = for < i < 71 — 1. Now ~ i q) from which the lemma 

follows. □ 



By Lemma [6.3l the function ip can be defined on the entire space S. In particular, 
we can define the suspension (Y, 4"*) over E with roof function if. We have 

Lemma 6.4. There is a bounded-to-one semiconjugacy T : (y, ^'*) — > (Q, $*). /is 

image contains the set of all points z whose a- and lj limit set contains q. 



Proof. There is an obvious semi-conjugacy {Y, -> {X, 0*) which composes with 
the semi-conjugacy S defined in Section 5 to a semi-conjugacy T : (F, 5'*) ^• 
(2,$*). Thus we only have to show that T is bounded-to-one. However this 
follows from Lemma 15.61 □ 



As before, let h be the entropy of the Lebesgue measure on Q. Let A^t(E) be 
the space of all T-invariant Borel probability measures on E. For /i e A^t(E) let 

Pi'u(-M = hf,-h / ipdfx 
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where /i^ is the entropy of By S99 , under the assumptions at hand, the Gurevich 
pressure of the function —htp is given by 

(9) pi-Q{—hif ) = sup{pr^(— I ^ e A^t(5]), pr^(— is well-defined}. 

The following observation relies on the results of Sarig |S99| and on |H10a| . A 
self-contained proof can also be derived from the discussion in Section 7. 

Lemma 6.5. prQ(— /k/j) < 0. 

Proof. By Theorem 2 of |S99] . prQ^—hip) equals the supremum of the quantity 
defined in © but restricted to invariant measures /x supported in compact subsets 



Now by Abramov's formula, if A C S is any compact invariant set and if fi is 
a T-invariant Borel probability measure supported in A then the entropy of the 
induced invariant measure for the suspension flow {Y, equals 



As a consequence, the Gurevich pressure of —h(p is nonpositive if the entropy of 
every ^'*-invariant Borel probability measure on Y which is supported in a compact 
set does not exceed h. 

The semi-conjugacy T : (F, 5**) — > (2,$*) is bounded-to-one, and it maps the 
suspension of a compact invariant set A to a compact $*-invariant subset of Q. This 
implies that the entropy of a ^''-invariant Borel probability measure on Y supported 
in a compact set is bounded from above by the supremum of the topological en- 
tropies of the restriction of the Teichmiiller flow to compact invariant subsets of Q. 
That this quantity equals h was shown in |H10a| . The lemma follows. □ 

Now we are ready to complete the proof of Theorem [2] from the introduction. 
Namely, let fi be any $*-invariant ergodic Borel probability measure on Q and let 
<Z G Q be a density point for fi which contains itself in its a- and w-limit set. Use q 
to construct the countable two-sided Markov shift (S,r) with roof function ip and 
suspension flow (Y, 5'*). 

If /i is a shift invariant Borel probability measure on whose image under the 
map equals fj, then fl gives full mass to G(E). Since G is injective, the measure 
fl defines a shift invariant Borel probability measures /i on S which is mapped by 
the semi-conjugacy T to /i. 

Let S+ be the set of all one-sided infinite admissible sequences (xi) C 5^ with 
o-xiXi+i = 1 for all j, equipped with the one-sided shift : E"*" — > E^. Since the 
roof function ip only depends on the future, it defines a function on E+ which will 
be denoted again by ip. Up to normalization, the measure fi lifts to a T^-invariant 
Borel probability measure on E+. 

By Lemma l673l and Lemma l675l the function —hip on E+ satisfies all the assump- 
tions in Theorem 1.1 of |BS03) . In particular, since piQ{—hip) < 0, the entropy /i^ 
of the invariant Borel probability measure /x does not exceed h. As a consequence. 



of E. 
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the Lebesgue measure A on Q is a measure of maximal entropy. Moreover, by The- 
orem 1.1 of jBS03| . it is unique with this property. In other words, \i ^ h then 
fi = X. Since fi was an arbitrary $*-invariant ergodic Borel probability on Q, this 
completes the proof of Theorem [2] from the introduction. 

Any finite admissible sequence (xo, . . . , Xn-i) C S defines the cylinder 
[xq, . . .,Xn-i] = {{Ui) e 11+ I j/i = for < i < n - 1}. 

A Gibbs measure for the function —hip on S+ is a Borel probability measure v 
with the following property. There is a number c > so that for every cylinder set 
[xq, . . . , xg] and every z G [xq, . . . ,Xi] we have 

u[xo,...,Xi] e [c-^e-''^o<^<.-i^iT^-\ce-''^o<.<.-iviT'z)^_ 

As a consequence of jS03j and of the above discussion, we conclude 
Corollary 6.6. The Lebesgue measure is a Gibbs measure on E+. 

This fact, however, can also easily be established explicitly. 

7. Exponential mixing 

The purpose of this section is to give a proof of exponential mixing for the 
Teichmiiller flow on a component Q of a stratum of abelian or quadratic differentials. 
The proof follows the strategy in |AGY06| (namely, reduction to symbolic coding via 
Theorem 2.7 of [AGY06j ) . but it is more geometric than the approach in jAGY06[ 
IAR09| . 

To begin with, recall from Section 6 the definition of the Markov chain T+) 
with countable alphabet S and transition matrix (aij). 

By construction, the set is a finite disjoint union 

(j = 1, . . . , n) where for each j, is determined by the large numbered train track 
Tj £ NT{Q)- The Lebesgue measure A on Q lifts to a T+-invariant measure on E+ 
which we denote by the same symbol. 

Lemma 7.1. X{[x, yi] n [x, ^2]) = for yi ^ y2 G S. 

Proof. For yiG S the intersection [x, j/i] n [x, j/2] maps to a set A of quadratic 
differentials whose vertical measured geodesic laminations have support which is 
not contained in ££(Q). Namely, if r e CT{Q), if 6 is a large branch of r and if 
Ti , T2 is obtained from r by a right and left split at 5, respectively, then a geodesic 
lamination which is carried by both ri and T2 is carried by the train track obtained 
from Ti by removal of the diagonal of the split. This lamination can not be contained 
in C£{Q). By Lemma 14.41 and the Poincare recurrence theorem, the set A has 
vanishing Lebesgue measure. □ 
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For each x Cz S there is some j(x) < n such that the cyhnder [x] is entirely 
contained in ^^(^^y In particular, the cylinder [x] can be identified with a subset 
of the set Vo(Tj(a;)). By Lemma 16.21 and the construction of S, there is a number 
K,> such that this set is contained in the set V{Tj(^x)) C Vo(rj(a;)) of all measured 
geodesic laminations which give weight bigger than k to every branch of TjJj,). 

The set Vo(Tj(2,)) is naturally homeomorphic to a closed ball of dimension /i — 1, 
and 7^(Tj(2;)) is an open submanifold of the interior of Vo(tj(2;)). Define a Finsler 
metric || ||sup on 7^(Tj(a;)) as follows. Let u € V{Tj(.j.))- Then every nearby point 
/I G Vo(Tj(j.)) can be represented in the form /i = + a where a is a signed weight 
function on Tj(j,) satisfying the switch conditions with a(Tj(a;)) = 0- View a as a 
tangent vector at v of the manifold Vo(tj(2,)) and define 

||a||sup sn-p{\a{h)\/v{b) \ b}. 

Let as before {aij ) be the transition matrix of the Markov chain. For each y £ S 
with a^y = 1, there is a full numbered splitting sequence connecting r = TjIx) to a 
train track ry in the Mod(S')-orbit of Tj(^yy A carrying map rj ^ t defines a linear 
isomorphism /3 of the vector space of solutions of the switch conditions on jj onto 
the vector space of solutions of the switch conditions on r. This map restricts to 
an embedding V{ri) — >■ V(r) which can be projectivized to an embedding 

(10) B:Ce Voiv) ^ m/imir)) e Vo(t). 

The inverse B^^ of B restricts to the homeomorphism H^y '■ [x, y] — >■ [y] determined 
by the shift (with the above interpretation). Since B can be identified with the 
restriction of the projectivization of the linear isomorphism /?, the map B^^ is 
smooth. As a consequence, we can investigate its differential. To ease the notations 
we will write DHxy to denote its differential (even though Hxy is only defined on a 
subset of BVo{if)). 

Lemma 7.2. There is a number k > 1 and for all x,y £ S with a^y — 1 there is 
some Cxy > K such that 

k\\v\\sup < \\DHxyv\\sup < c^y||w||sup for all V. 

Proof. The lemma is a fairly immediate consequence of Part 3) of Lemma 16.21 

Namely, by construction of the alphabet 5, there is a finite full numbered split- 
ting sequence {Ti)o<i<e so that the subsequences (ri)o<i<fc and {Ti)t-k<i<e. satisfy 
the assumptions in Lemma 16.21 and such that the map Hxy is the inverse of the 
restriction of the map B : Vo(Tj-fc) —J- Vo(to) to a subset of V{Ti-k)- Thus to 
show the left hand side of the inequality in the lemma it suffices to show that the 
restriction of B to V{Ti^k) contracts the norm || ||sup by a fixed constant c < 1. 

Thus let v G V{Ti^k) and let a be a signed weight function on r^_fe satisfying 
the switch conditions with Q!(r^_fe) — 0. We may assume that fj, — v + a > 0, i.e. fi 
is a normalized transverse measure on re-k- Moreover, by perhaps replacing a by 
—a we may assume that 

u = llallsup = ma,^{a{b) / iy{b) \ b}. 
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Write 

u + 1 = max{ — ^ ^ ' ^ ^ I 6} = niax{ ^),[ \ b} — a, 



a{b ) + v{b) ^i{b) _i 

__|fo}^nrax{— |&} = ao ; 



then flo — min{^^|jy | 6}. Let fio,vo be the normahzed transverse measures on tq 
which are the images of /x, v under a carrying map. Put 

ao = mm{— — | b}. 
Mo(o) 

The third part of Lemma 16.21 shows that ao > oq + (5(1 — ao) where (5 > is a 
universal constant. 

Let u + 1 = ciq^; then we have 

^ = l^^<il-S) ^ ,<1-S 

u 1 — ao ao ao + oil — ao) 

which shows the left hand side of the inequality stated in the lemma. 

The map (jlOp can be identified with a projective linear map defined on a compact 
domain in a real projective space and hence the norm of its derivative is bounded 
away from zero by a constant depending on x, y. This shows the right hand side of 
the inequality in the lemma. □ 



The linear coordinates on Vq(t) also determine a volume element, unique up to 
scale. Let Vr be the normalization of this volume element of total volume one. It 
does not depend on any choices made. By the discussion before Lemma 17.21 the 
Jacobian J[x, y] of an inverse branch of for these volume elements is just the 
Jacobian of the projectivized carrying map (V(77),i^^) — ?■ (V(r),i^T-). Lemma 16.21 
and Lemma 17.21 and its proof imply that the differential of the logarithm of J[x, y] 
is uniformly bounded in C° on each inverse branch. 

Now let ip be the roof function for the Markov chain (S+,T-f) introduced in 
Section 6. We have 

Lemma 7.3. There are numbers ro > 0,ri > with the following property. 

(1) ^>ro. 

(2) For every cylinder [x, y] of length 2, the restriction of (p o H^y is differ- 
entiable, and the norm with respect to the Finsler structure \\ ||sup of its 
derivative is pointwise bounded from above by rQ. 

(3) It is not possible to write if = a + (3 o — /? where a is constant on each 
cylinder set [xq,xi] and /3 is piecewise of class . 



Proof. The first part of the lemma is immediate from the construction (see Section 
6 for details). 

To show the second part, let [x,y] be a cylinder of length two realized by a full 
numbered splitting sequence (Ti)o<i<^. Let i < s — k he such that the symbol 
[a;] corresponds to the sequence (Ti)o<i<£ and that the symbol \y] corresponds to 
{Ti)i-k<i<s- By the definition of the Finsler metric |j ||sup and the discussion in 
the proof of Lemma 17.21 it suffices to show the existence of a number k > not 
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depending on x,y with the following property, li v ^ 'P(Tf-fe), if a is a weight 
function on Tt-k satisfying the switch condition, with a{Tt-k) — 0, and if /i = z^ + a 
is nonnegative then 

|logi/(ro) - logpt(To)| < Kniax{|a(&)|/i/(6) | b}. 

However, by construction, by Lemma |6. II and the discussion in the proof of Lemma 
17.21 we have | logi^(ro) — log/x(ro)| < log(l + uYSiyi{\a{h)\/ v{h) \ b}) and hence the 
claim follows from the fact that linit^o = 1 . 

The third part of the lemma follows from the fact that the Lebesgue measure A 
is mixing for the Teichmiiller flow |V86] . □ 

Following |AGY06| we say that the roof function ip has exponential tails if there 
is a number /3 > such that 

/ e^'fdX < oo. 

The following relies on jAGY06) . 

Proposition 7.4. // ip has exponential tails then the Teichmiiller flow on Q is 
exponentially mixing. 

Proof. Lemma 17.31 shows that (p is a, good roof function for the Markov chain 
(S+,T+) in the sense of Definition 2.3 of |AGY06j . Together with Lemma O 
and Lemma 17.21 we infer that if p has exponential tails then all assumptions in 
Theorem 2.7 of |AGY06| are satisfied, and the Lebesgue measure is exponentially 
mixing for □ 

Our goal now is to show that tp has exponential tails. For this let (crj)o<j<fc 
(1 < z < n) be the full numbered splitting sequences used to define the alphabet S. 
Each X € S is realized by a finite full numbered splitting sequence (rf ). There is a 
number c > and for each x there is a number p{x) > such that 

p{u) e [p{x) - c,p{x) + c] 

for all u G [x]. Moreover, up to adjusting the constant c. Corollary 16.61 shows 
that the Lebesgue measure of each cylinder set [x] is contained in the interval 
[c~"'^e~''^*^^\ ce"''^*^^^]. Thus to show that p has exponential tails it suffices to show 
that there is a number 5 > with 

(11) A(U{[x] I p{x) > £}) < e-"' 

for every integer ^ > 0. 

Let again ri , . . . , r„ be the numbered large train tracks as in Section 6 which were 
used to define the set S. Since up to the action of the mapping class group there 
are only finitely many large train tracks, the construction in Section 4 yields that 
every numbered large train track rj contained in £{Q) can be connected to a train 
track in the Mod(S')-orbit of {ti, . . . ,t„} by a full numbered splitting sequence of 
uniformly bounded length. 

For a large train track 77 denote as before by v^i the normalized Lebesgue measure 
on Vo{r]). The following is immediate from the above discussion. 
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Lemma 7.5. There is a number x > and for every large numbered train track rj 
contained in £{Q) there is a closed set V C Vo(?7) with the following properties. 

(1) i^niV) > X- 

(2) C{b) > X for every C G and every branch b of rj. 

(3) V C V(/3„) where /3„ is the endpoint of a full numbered splitting sequence 
{Pj)o<j<u issuing from Po = rj with the property that there is some i < n 
and some g S Mod(5') with /3u~k+j = go'j for < j < k. 

Choose some i S {1, . . . ,n} and write aj — cr] (0 < j < k) for short. Let Bq C 
Q{ak) be the set of all quadratic differentials z whose horizontal measured geodesic 
lamination z'^ is carried by CTq. By the construction of the sequence a-j, there is a 
number /3o > such that for every z ^ Bq the measured geodesic lamination 2'' can 
be represented by a tangential measure on ak which associates to each branch of 
(Tfc a weight contained in the interval [/3o,/3(7^]- In particular, if CijC2 are any two 
such measured geodesic laminations then Ci(^)/C2(&) G [I^otI^q'^] ^ot every branch b 

of tJfc. 

For a measured geodesic lamination ( e denote by ({r/) the total weight 

of a tangential measure on r/ defined by C,. Note that this does not depend on any 
choices made. With this notation, define 

5 = {C/CK) ICeSojc v*K). 

For every £ B, the C-weight of any branch of cr^ is contained in the interval 
[f3, f3^^] for a number /3 > only depending on Pq. As a consequence, 

(12) Ci(fe)/C2(6)e [r',/5']forCi,C2ei3 

and for every branch b of ak- 

Using inequality (fT2|). the next lemma is dual to Lemma lOI Note however that 
due to non-uniqueness of tangential measures representing a fixed measured geo- 
desic lamination, the correct statement involves a suitable choice of representatives. 

Lemma 7.6. Let rj be obtained from by a full splitting sequence. Then 

Ci{h)K2{h)e[p\r^] 

for all 

Write rj — ak and let (77^ ) be any full numbered splitting sequence issuing from 
770 = rj. Let j > 1. For C, ^ B write 

o^AO^Cim)-^ and cO-)-«,(C)C 

and note that < 1. Lemma 17.61 implies that moreover 

(13) a,(C)M(0e[/5',r'] 

for all C,C G S, independent of j. For each j fix some aj G {ctjiC) I C G B}. 

For T e AfT{Q) call a measured geodesic lamination ji G Vo(t) balanced if it 
gives weight at least x to every branch of r where x > is as in Lemma l7.5l By the 
choice of x, every rj G MT{Q) admits a balanced measured geodesic lamination. 
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By the estimate (fT3|) and the definitions we have 

Lemma 7.7. There is a number p > with the following property. Let fi G '^oiVj) 
be balanced and define 9^^ : B (0, oo) by i'{p-,Op,{C)C) = 1 for every C. (z B. Then 

log0f,{B) C [logofj -p,\ogaj +p]. 

RecaU from Section 3 the definition of the strong stable foliation and the 
strong unstable foliation of Q. The leaves of the stable foliation are 

defined by W^{q) — Ut^*W^{q). The stable and the strong mistable foliation 
are transverse. The strong stable, the stable and the strong unstable foliations are 
invariant under the action of the mapping class group, and they descend to singular 
fohations W^', iy|, of Q. 

A closed set W C Q has a product structure if the following holds. There is 
some q S W, there are closed neighborhoods W of q in W^{q) and W^" of q in 
W^{q), and there is a honieomorphism H : x VF"" — W so that H{z,w) £ 
W^{z) n W^{w) for all {z,w) eW x W"''. 

The Lebesgue measure A admits a family of conditional measures A"* , A"" on 
strong stable and strong unstable manifolds so that 

dX ^ dX''' X dX'"" X dt 

where dt is the Lebesgue measure on the flow lines of the Teichmiiller flow. The 
measures A"" transform under the Teichmiiller flow via dA*" o = e'^'dA"". The 
measures A''" are invariant under the holonomy along the strong stable foliation. 
If H : X W^" —7' 14^ is a homeomorphism defining a product structure on W 
then H is absolutely continuous with respect to the product measure A'' x A*" on 
W X and the Lebesgue measure A on 14^ (see [V86j ) where A'' is the measure 
on W defined by dX" = dX"' x dt. 

Let fi G Vo(?7j) be a fixed balanced measured geodesic lamination. For each 
C <E B define 

HjiC) = {{'^,e^{CK) I V(r;,),.(z.,0^(C)C) = 1}. 

Then -ffj(C) admits a natural identification with a subset of the strong unstable 
manifold W^{9f^{()() of all quadratic differentials with horizontal measured geo- 
desic lamination 0;^(C)C- The map 

is a homeomorphism. 

Next we estimate the Jacobian of the map : {VoiVj)^ ) ~^ i^j iOi •^*") with 
respect to the measure Vr^. on Vo(77j) and the measure A*" on Hj{() C M^^"(^'^(C)C)- 

Lemma 7.8. Let fi G ^oiVj) balanced measured geodesic lamination. Then 
for every £ B, the Jacobian of the homeomorphism Ff^ : Vo{rij) — > Hj{() C 
W^{9^{C)C) is pointwise uniformly bounded, independent of j,fi and ^. If v Cz 
Vo(?/j) is balanced then it is bounded from below at v by a universal positive constant. 
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Proof. Since up to the action of the mapping class group there are only finitely 
many large train tracks, there is a number a > not depending on j and there is 
some ^ e V*(?7j) with support in CC{Q) such that ^(6) € [a~^,a\ for every branch 
b of rjj . Let 

E = {{u/i{i.,0,0 I ^ e Voiv,)} c 

be the set of all quadratic differentials with vertical measured geodesic lamination 
I' € V('7i) and horizontal measured geodesic lamination By formula ([l}, for 
G Vo(?7j) the intersection number is bounded from above and below by 

a universal positive constant and hence E is compact. Thus by invariance under 
the action of the mapping class group, there is a number c > not depending on 
j such that the Jacobian of the homeomorphism v g VoiVj) ~^ {'^/^{'^A)^^,) G E 
with respect to the measure v^ij on Vo(r/j) and the measure A"" on E is contained 
in [c, c~^]. 

By construction, for every C E B there is a homeomorphism ujc^ : E ^ 
defined by the requirement that ujq{z) E W^{z) for all z G E. There is a number 
t^(z) e M such that 

By invariance of the measures A'*" under holonomy along strong stable manifolds 
and by the transition properties of the measures A^" under the Teichmiiller flow, 
the Jacobian of the homeomorphism w,; at z = C) equals e''*'^'^^-'. 

The Teichmiiller flow expands the horizontal measured foliation of a quadratic 
differential and hence expands the transverse measure on the vertical measured 
geodesic lamination. Hence by construction, 

tciz) ^ log 0^(00 -^ogi{i,,0. 

Now logi(i^, ^) is uniformly bounded, and since v e Vo{rij) the intersection 
i'{v,Op,{C)C) is uniformly bounded as well (however it may not be bounded from 
below by a universal positive constant). As a consequence, the holonomy shift is 
bounded from above by a universal constant and hence the same holds true for 
the Jacobian of the homeomorphism E — > Hj{(). This shows the first part of the 
lemma. If z/ g ^oiVj) is balanced then b{v,6^{C,)C,) is bounded from below by a 
universal positive constant which implies the second part. □ 

By invariance under the Teichmiiller flow and the estimate ()13|) . for r > there 
is a function tpj which is uniformly bounded from above independent of j (but not 
bounded from below independent of j) so that the Lebesgue measure on the set 

(14) W,^yJte[-r,r]'^\^CeBH,{0) 

with a product structure can be represented in the form 

dX = Vi(e~''"^dA""|S) X dvrj^ X dt. 

In particular, the Lebesgue measure of the set Wj is bounded from above by coe^'*"^ 
where cq > is a universal constant. On the other hand. Lemma 17.81 and Lemma 
17.51 also show that the Lebesgue measure of Wj is bounded from below by CqC"'*"^ 
where Cn > is another universal constant. 
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Now we are ready to show 
Corollary 7.9. The roof function tp has exponential tails. 

Proof. Let C Q be the set of quadratic differentials whose horizontal measured 
geodesic lamination is contained in the set B and whose vertical measured geodesic 
lamination is contained in V((Tfc). For r > as above define Z = U_r<t<r*i'*^o- 
Note that Z is a set with a product structure. 

For j > let U{j) be the set of all full numbered splitting sequences of length j 
issuing from ak ■ By Lemma 17. 6i for each j there is a decomposition 

with the following properties. 

(1) The Lebesgue measure of the intersection of two distinct sets from the 
decomposition vanishes. 

(2) For each u € U{j), the set can be represented in the form 

where s" : -B — > M is uniformly bounded independent of j, u. 

(3) There is a number c> so that tu G [hlogXiW]") - c,h\ogX{W^) + c]. 

Let V{j) C U{j) be the set of all w € U {j) with the following additional property. 
For u £ V{j) let (77i)o<i<j be the full numbered splitting sequence issuing from 
Vq — '^k which is labeled by u. Then there is no £ < j — k and g G Mod(S'), s < n 
such that rji+i — gaf for < i < fc. 

Let A(j) = A(U{<i>~*" | u e V{j)})- It now suffices to show the existence 
of numbers a < l,m > such that X{j + m) < aX{j) for all j. However, this is 
immediate from Lemma 17.51 and Lemma 17.81 □ 

Exponential mixing for the Lebesgue measure now follows from Corollary 17.91 
and Proposition 17.41 

8. Entropy gaps 

The goal of this section is to establish Theorem [3] from the introduction. The 
constructions in this section will also be used to count period orbits for the Te- 
ichmiiller flow and are more involved than what is necessary for deriving entropy 
estimates. 

Namely, to control periodic orbits we can not use the symbolic coding constructed 
in Section 5 directly since there are periodic orbits for the Teichmiiller flow which 
are not images of periodic orbits for the shift space. Each of these orbits is covered 
by some periodic orbit for the shift, but the degree of the covering can be arbitrarily 
high. To overcome this difficulty we construct a new shift space which is better 
adapted to the counting problem. 
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A periodic orbit for is defined by the conjugacy class of a pseudo-Anosov 
element g G Mod(5). Define the topological type of the conjugacy class of g to be 
the topological type of the stratum containing the periodic orbit determined by 
g. Call a train track r an expansion of a pseudo-Anosov element g e Mod(5) if 
gr ^ T and if moreover r is large of the same topological type as g. In particular, 
the attracting fixed point for the action of g on VA4C is carried by t, and it defines 
the projective class of a positive transverse measure on r. The following result is 
due to Papadopoulos and Penncr (Theorem 4.1 of |PP87j ). 

Theorem 8.1. Every pseudo-Anosov element admits a train track expansion. 

Note that since the stabilizer in Mod(S') of a train track is a finite subgroup of 
Mod(S') and the cardinality of a finite subgroup of Mod(S') is uniformly bounded, 
the number of conjugacy classes of pseudo-Anosov elements with the same expan- 
sion (i.e. conjugacy classes which can be represented by pseudo-Anosov elements 
g, h which admit a fixed train track t e CT{Q) as an expansion track, with gr = hr) 
is uniformly bounded. Moreover, any two such elements have a common power of 
the same degree and hence their translation lengths coincide. As a consequence, 
for the purpose of estimating the growth rate of periodic orbits in Q it suffices 
to estimate the growth rate of train track expansions of pseudo-Anosov elements 
ordered by the translation lengths of the elements. 

A splitting and shifting move for a train track r £ CT{Q) is a modification of 
r by a sequence of shifts composed with a single split. A splitting and shifting 
sequence is a sequence (r^) where for each i, Ti^i can be obtained from ti by a 
splitting and shifting move. The following result is Theorem 2.4.1 of |PH92| . 

Proposition 8.2. If a ^ t are large train tracks of the same topological type then 
T can be connected to a by a splitting and shifting sequence. 

In particular, for every periodic orbit for $* in Q defined by the conjugacy class 
of a pseudo-Anosov element g, there is a biinfinite invariant splitting and shifting 
sequence (r^) whose elements are train track expansions of g. 

We next construct a new topological Markov chain whose biinfinite sequences 
are realized by biinfinite splitting and shifting sequences in the sense described in 
Section 5. To avoid some technical issues arising from the existence of non-trivial 
stabilizers of train tracks in the mapping class group we choose once and for all a 
torsion free normal subgroup F < Mod(S') of finite index. Then F acts freely on 
CT{Q). Let El be the set of all F-orbits of large train tracks r S CT{Q). Define 
a transition matrix (cy) by the requirement that Cy = 1 if and only if there are 
representatives r, 77 of the points i,j so that 77 can be obtained from t by a single 
splitting and shifting move. Let (i7i,CTi) be the corresponding topological Markov 
chain. A point [xi) € fJi can be thought of as the F-orbit of a biinfinite splitting 
and shifting sequence of train tracks in CT{Q,). 

As in the case of the subshift f2, we can consider the set VUi C fii of all 
biinfinite uniquely ergodic sequences. By definition, this set consists of all biinfinite 
admissible sequences in the alphabet Ei which can be represented by a biinfinite 
splitting and shifting sequence (r^) with the following property. Vo(ro) n ^^V{Ti) 
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consists of a single measured geodesic lamination with support in CC{Q), and 
similarly DiV* {n) is spanned by a single measured geodesic lamination with support 
in CC{Q). The set 7)141 is invariant under the shift cti, and it contains all normal 
sequences in ili. In particular, "DlAi is dense in 

Since F acts freely on LT{Q), every point z £ VUi determines a quadratic 
differential 2i(z) e Q = Q/T (here as before, Q is the preimage of Q in Q{S)). 
The image of the thus defined map 

Si : VUi Q 

is contained in the set of all uniquely ergodic quadratic differentials. As in Section 
5, the Teichmiiller flow on Q induces a continuous positive roof function pi on DlAi. 
Let (Xi,6*) be the suspension of the shift on VUi with roof fuction pi. There is 
a natural semi-conjugacy 

Gi :(Xi,e*)->(Q,$*). 

Its image contains all quadratic differentials in Q without vertical and horizon- 
tal saddle connection and with uniquely ergodic vertical and horizontal measured 
geodesic lamination. However, the map Gi is countable-to-one rather than finite- 
to-one. 

Let A^CTi(f^i) be the space of all cri-invariant Borel probability measures on fii. 
Denote by the entropy of a measure u S AAaxi^i)- Define the pressure pr(/) of 
a continuous bounded function / on Dhli C ili by 

pr(/) - sn^{K + j fdu\ve M^A^i), v{VUi) = 1}. 

The component Q is the quotient of Q under the finite group Mod(S')/r. Thus 
by Theorem[5J the entropy of every $*-invariant Borel probability measure on Q is 
at most h. 

The argument in the proof of the following lemma was shown to me by Francois 
Ledrappier. 

Lemma 8.3. pr(— /ipi) < 0. 

Proof. Let /i be a ui-invariant ergodic Borel probability measure on Qi which gives 
full measure to VUi. Let be the entropy of /i. By Abramov's formula (see 
[Z05j for a comprehensive account), the entropy of the induced invariant measure 
for the suspension flow (Xi, 0*) with roof function pi is /i^/ J pidp. Thus we have 
to show that this entropy does not exceed h. For this it suffices to show that the 
entropy of p as an invariant measure on {Xi, 0*) does not exceed the entropy of 
the $*-invariant measure Gi{p) on Q. 

Since p is ergodic and since Gi is countable-to-one, there is a measurable set 
C C VUi of full measure such that the restriction of Gi to C is bounded-to-one. 
Namely, p induces a family of conditional measures on the fibres of the map Gi. 
By invariance and ergodicity, the weight of a fibre is constant almost everywhere 
on ill. Since for a typical point for p this weight is positive, there are only finitely 
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many fibres of non-zero weight. As a consequence, there is an invariant set C C rii 
of full measure so that Gi\C is bounded-to-one. 

However, a bounded-to-one measure preserving semi-conjugacy is entropy pre- 
serving. This shows the lemma for ergodic measures. The general case follows from 
the fact that the entropy is an affine function on the space of all Borel probability 
measures on fti (Theorem 8.1 of [W82j ). □ 

The roof function pi is only defined on a Borel subset of i^i. To overcome this 
difficulty we enlarge the topological Markov chain (r2i,f7i) to a skew product as 
follows. 

Recall that a point in ai) can be realized by a biinfinite splitting and shifting 
sequence (r^) C CT{Q)- By Theorem 8.5.1 of |Mo03| . for each such sequence (r^) 
there are finitely many minimal geodesic laminations Ai, . . . , {(■ > 1) on 5 with 
pairwise disjoint support, and there is a (possibly empty) train track <j so that 

n,;V(r,) = [Ai] X • • • X [A,] X V(a). 

Here [Ai] denotes the space of all (possibly trivial) transverse measures on A^ , and 
V(cr) is the space of all measured geodesic laminations carried by a. The train track 
a is carried by r. Moreover, there is some n > such that cr is a subtrack of tj for 
all j > n. 

Define B{Ti) C VM.C to be the compact set of all projective measured geodesic 
laminations which are projectivizations of points in niV(ri). The mapping class 
group acts on biinfinite splitting and shifting sequences (r^) and on VA4C, and the 
map (r.i) -> B{Ti) is equivariant with respect to this action. Thus the sets B{Ti) 
determine for each point (xi) S Oi a compact convex subset B{xi) of some finite 
dimensional projective space. Note that if (xi), [yj) G fii are such that xq = yo 
and if jj, G B{xi),v £ B[yi) then for some realizations (r^), (rjj) of (xi), [yj) with 

— rja, both /i, v can be represented by points in Vo(to). 

Let do be a standard distance of diameter one on the subshift of finite type 
(rii,CTi). We require that do{{xi), [yj)) = 1 if xq 7^ J/o- Let 

= {{{xi),p) I {x^) £ni,ne B{xi)} 

and define a distance d on fl2 as follows. If {{xi), n), {{yj),v) G ft2 and if xq ^ 
yo then define d{{{xi), p), {{yj),^)) = 2. Otherwise n,v can be represented by 
measured geodesic laminations p,, i> of weight one on the same train track tq in the 
class of xo = yo- Let S > he such that do{{xi) , (yi)) < 1 — S if xo =2/0 and define 

d{{{xi), fi), ((y,), = doiixi), (y,)) + I^(^) " '^(^)l 

b 

where the sum on the right hand side is over all branches of tq . 
We have 

Lemma 8.4. (fl2,d) is a compact metric space. 
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Proof. We show first that d satisfies the triangle inequahty. To see this let {{xj), jij) 
{j = 1, 2, 3) be three points in Cl2- If Xq ^ Xq then d{{{xl), m), {{xf),fi2)) = 2 and 
also d{{{xl), fij), {{xf}, fij)) > 2 for at least one j G {1,2} showing the triangle 
inequality in this case. 

Now if xl = Xq then d{{{xl),iJi), ((a;?),/X2)) < 2 and hence if Xq ^ Xq then the 
triangle inequality follows from the definition. Otherwise it is just the usual triangle 
inequality for a product of two metric spaces. 

To show that (1^2, rf) is compact let {{xl),fij) C O2 be any sequence. Since fii 
is compact, up to passing to a subsequence we may assume that (x^) ^ (yi) in 
Qi (j — 00). In particular, up to passing to another subsequence we can choose 
realizations of these sequences, denoted by {t-), {rji), so that t- = rji for < 
i < j. Then for sufficiently large j we can represent fxj G B{xl) by a measured 
geodesic lamination jlj € Vo('7o). Since Vo(?7o) is compact, after passing to another 
subsequence we may assume that jlj ^ jl € VoiVj)- But jlj is carried by rji for each 
j > i and hence by construction, we have /i G Vo(??o) H C\gV{r]i). By the definition 
of the metric d, this shows the claim. □ 

The shift cri on fli extends to a shift 172 on f22 as follows. Let ((xi),fi) G O2 and 
let (ri) be a realization of (xi) as a biinfinite splitting and shifting sequence of largo 
train tracks. Then /i determines a projective measured geodesic lamination which 
is carried by each of the train tracks r^. Define a2{{xi),ij) = ((xi+i), /k). The first 
factor projection 

P ■.^2^^! 

is a continuous semi-conjugacy of {fl2,o'2) onto (f2i,ai) which is constant on the 
fibres of P. This is used to observe 

Lemma 8.5. The function which associates to a a2-invariant Borel probability 
measure u on fl2 its entropy is upper semi- continuous. 

Proof. The first factor projection P : ^2 — >^ ^1 commutes with the map fT2 on ^^2 
and the shift ai on Qi. Let v he a. cr2-invariant ergodic Borel probability measure 
on Q2. Then P(i') is a cii-invariant ergodic Borel probability mcasm'c on fii. Wo 
claim that there is an invariant Borel set A C ^2 of full measure such that the 
restriction of P to A is injective. Namely, the fibre over each point in Cli is a 
compact subset of the space VAiC which is invariant under the map o"2- With the 
interpretation of the fibre as a subset of PM£, the action of a2 on the fibre is 
constant. In particular, if for almost every point x G fli the conditional measure 
of 1/ on the fiber over x is not supported in a single point then the measure v is not 
ergodic. 

Now let j) be a sequence of ergodic Borel probability measures on Q2 converging 
to a measure By the discussion in the previous paragraph, for each i the entropy 
of Ui equals the entropy of P{i^i), and the entropy of u is not smaller than the 
entropy of P(i^). Since the subshift (fli, fji) is expansive, the entropy of P{iy) is not 
smaller than lim supj h,y. . Using once more that the entropy is an affine function 
on the space of all Borel probability measures the lemma follows. □ 
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The restriction of P to 'DU2 = P^^VUi is injective and therefore the roof func- 
tion pi on Qi hfts to a continuous positive bounded roof function p2 on 1)142 C ^2- 
Let (X2, Q*) be the suspension of 'DU2 with roof function p2- The semi-conjugacy 
{Xi, 6*) — )■ (Q, $*) induces a semi-conjugacy 

G2 : (X2,e*)^ (Q,$*)- 
Extend the roof function p2 on 'DU2 C il2 to by defining 

P2{{X^),H) = -log^(Ti) 

for a reahzation ((Ti),/i) of i.e. p2{{xi),fi) is the logarithm of the weight 

of fj, viewed as a transverse measure on ti . It follows from Lemma 18.41 and Lemma 
15.11 and their proofs that p2 is continuous. Moreover, p2 is non-negative. 

We also will need to consider components V of strata which are distinct from Q. 
To distinguish these components in our notation we sometimes write (f2i('P), cri) 
for the dynamical system constructed as above for the component V. We also allow 

to be a component of quadratic differentials on the four punctured sphere or the 
one punctured torus. Define the entropy of the component V to be the entropy 
of the $*-invariant Lebesgue measure on V. An annulus is called an exceptional 
component, For such a component V we define {fliV, (Ti) to be the dynamical system 
whose phase space is a single point, The entropy of this space is defined to be zero. 
A multi- component V \s a. finite disjoint union of components Vi {1 < i < s), 
possibly on different surfaces. The entropy of V is defined to be the sum of the 
entropies of the components. 

For now and later use we record 

Definition 8.6. The direct product x • • • x [XstPs) of s > 1 subshifts of 

finite type {Xi,f3i) with alphabet Di and transition matrix (c^„) is the subshift of 
finite type whose alphabet D is the set of all s-tuples (di, . . . ,ds) with di € Di. 
Its transition matrix (cuv) is defined by Cuv = 1 if and only if there is some p < s 
such that the tuples u = (ui, . . . , Ug) and v — (wi, . . . , Vs) satisfy Uj = Vj for all 
j ^ p and c^^^^ = 1. The number p is called the active component of the transition 
which modifies u to v. 

Note that in the above definition, we allow Up = Vp if CupVp = 1, but we keep 
track of the active component. This means that we view two constant transitions 
as distinct if their active components are different (we omit to formalize this idea 
here to keep the notations simple). 

If "P = Uf^iVi is a multi-component then define 

For each i < s there is a projection 11,; which maps each point in (flilV), cri) 
to a finite, one-sided infinite or biinfinite admissible sequence for the shift space 
defined by the i-th factor Vi- Moreover, {{li{V),ai) is the exact analog of the 
space {V,i{Q),ai) constructed in the beginning of this section for a large train 
track on a disconnected surface (with the obvious interpretation). In particular, 
there is a natural extension ($72(7^), 172) of {il.i{'P) , ai) as before, and there is a 
continuous roof function p2 on (fl2('P), ^2). 
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Define a bounded orbit equivalence between two dynamical systems {X, a), (Y, /3) 
to be a measurable map ^ : X Y so that there is a number fc > and a 



function / : X — )■ [l,fc] with /3{^{x)) = ^{a^^^^x) for all x. Call the bounded 
orbit equivalence ip compactible with two functions CiK— >Mif 



Lemma 8.7. Let ip : {X,a) — > {Y, /3) be a bounded orbit equivalence which is 
compatible with functions p,C, on X,Y. Let v be an a-invariant Borel probability 
measure on X . Then ip{i') is a (3-invariant Borel probability measure on Y , and 



These definitions are used in the following 

Lemma 8.8. Let r G CT{Q) and let rj be a birecurrent (possibly disconnected) 
proper subtract of r. Then rj determines a multi- component V of strata. There 
is a closed a2-invariant subset B2{V) of ^l2, and there is a bounded orbit equiva- 
lence {B2{V),CF2) — > {fl2(V) , cr2) which is compatible with the roof functions p2 on 
B2{V) C 5^2(2) o.'Tid on fl2i'P)- The entropy ofV does not exceed h — 1. 

Proof. Let ^ be a connected train track on S. Let C S* be a neighborhood of f 
which is sufficiently small that the inclusion S ~ N ^ S — ^ induces a bijection of 
components. The subsurface filled by ^ is the union of N with the simply connected 
complementary components of N. 

Let < T be a birecurrent proper subtrack which fills S. Then r can be obtained 
from r] by sucessively subdividing some of the complementary components of rj. By 
the discussion in Section 2, -q £ £T{V) for a component V of Q{S) (or of "^(5)) in 
the closure of Q. By Lemma [2.21 the entropy of V does not exceed h — 1. 

Define a splitting and shifting move of r to be adapted to rj if the move is at a 
large branch of r contained in rj and if the modified train track either contains rj 
as a subtrack or it contains a subtrack which can be obtained from 77 by a splitting 
and shifting move. 

Define Bi{'P) C fli to be the set of all F-orbits of biinfinite splitting and shifting 
sequences (r^) with the following property. Each train track has a subtrack 
rji G CT{V), and the splitting and shifting move transforming Ti to r^+i is adapted 
to rji. Moreover, the train track rji+i is the image of rji in the sense described in the 
previous paragraph. By construction, BiiV) is a closed subset of Associating 
to the sequence (r^) the corresponding sequence [rji] C CT{V) and quotiening by 
the action of F yields a bounded equivalence (i3i('P),(7i) — > cti) (see [H09c| 

for details why this orbit equivalence is bounded). 

Let B2{'P) C ^^2(2) be the preimage under the first factor projection fl2{Q) ^• 
^i{Q) of the set Bi{V). Then B2{'P) is a closed cr2-invariant subset of fl2. The 
above discussion shows that there is a bounded orbit equivalence (i?2('P), CT2) — 
{^2{'P),<^2) which is compatible with the roof functions p2- 



p{a^x). For later reference we note 
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Next assume that cr < r is connected and that the subsurface 5*0 filled by cr is a 
proper connected subsurface of S different from an annulus. Let ci, . . . , Cfc be the 
boundary circles of 5* — 5*0 . For each i < k there is an edge-path in a which bounds 
together with Ci an embedded annulus. Since a is birecurrent, this edge path is 
not smooth, i.e. it contains some cusps. Note that if S* — 5o contains an annulus 
component C then there are two homotopic edge-paths in cr, one for each boundary 
component of C. 

Cut S open along the curves Ci and let be the surface with boundary UiCi 
which is filled by a. There are now three cases possible for an edge path of a 
corresponding to a boundary circle Ci of Sq- The first case is that this edge path 
contains a single cusp. In this case collapse the boundary circle to a puncture. 

If the edge-path contains n > 2 cusps then glue a disc to the boundary circle 
If n = 2 then the resulting graph on the modified surface contains a bigon. Collapse 
this bigon to a single arc. 

Proceeding in this way with all edge-paths in a homotopic to a boundary circle 
of S' — S'o produces a birecurrent train track on a surface S' . The discussion in 
Section 2 shows that this train track is large and hence it defines a component V 
of a stratum on S". The entropy of this component equals 217' — 2 + £ + m where 
g' < g is the genus of S'o, where £ is the number of cusps and where m is the 
number of complementary discs of a in S' . In particular, this entropy does not 
exceed h — 1. There is closed subset B2{V) of Q2, and there is a bounded orbit 
equivalence {B2{V),(T2) {^2{'P),(J2) as before. 

If 77 is a simple closed curve then the space Bi{V) corresponds to sequences {xi) 
which are realized by splitting and shifting sequences modifying a train track t by 
a sequence of Dehn twists about a fixed simple closed curve. Thus in this case the 
lemma also holds. 

If 77 contains more than one component then this construction can be carried out 
with each of the components individually. This yields the lemma. □ 

Definition 8.9. The multi-component V of the stratum in Lemma [8.81 is called a 
boundary multi- component. It is called an ideal boundary multi- component if there 
is a simple closed curve which is disjoint from the defining subtrack rj. 

We say that a (T2-invariant Borel probability measure v on ^2 is supported in the 
boundary multi- component V if it gives full mass to B2(V). We use Lemma 18.81 to 
show 

Lemma 8.10. Let /i be an ergodic a2-invariant Borel probability measure on Q2 
with ijl{'DIA2) — 0. Then fi is supported in a boundary multi- component of Q. In 
particular, 
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Proof. Let {{xi),^) be a typical point for /i. Let (t^) be a biinfinite splitting and 
shifting sequence which realizes (xi). The image of v under a carrying map v tq 
is a subtrack ctq of tq. By invariance and ergodicity, its topological type does not 
depend on (xi). 

We claim that ctq is a proper subtrack of tq. For this assume to the contrary 
that (To = Tq. Since ^{VU2) = by assumption, either v is not uniquely ergodic or 
niV*(Ti) does not consist of a single line spanned by a uniquely ergodic point with 
support in CC{Q). 

Consider first the case that v is not uniquely ergodic. By the equivalent of 
Theorem 8.5.1 of jMo03| . there is a (possibly trivial) decomposition f^iV*{Ti) = 
[Ai] X • • • X [Afe] X V*(cr) where fc > 1 and where for each j < k, [Xj] is a space of 
measured geodesic laminations supported in a fixed minimal geodesic lamination 
Xj. The geodesic laminations Xj are pairwise disjoint. By ergodicity and the choice 
of (xi), the same decomposition holds true almost everywhere. 

Let L{xi) C VMC be the set of all projectivizations of all measured geodesic 
laminations which are contained in [Ai] x • • • x [A^]. Since the support of v fills 
up S, for each f3 € L{xi) there is a quadratic differential q{v,l3) with vertical 
measured geodesic lamination v and whose horizontal measured geodesic lamination 
is contained in the class of (3. The set of these quadratic differentials is compact. 
Associating to {{xi),v) and fi S L{xi) the quadratic differential q{i^,(3) defines a 
compact extension of the suspension of (i^2, C2) with roof function p2 over a subset 
of of full measure. This extension admits a natural measurable semi-conjugacy 
into (Q, <!>*) whose restriction to each fibre is continuous. In particular, the image 
of each fibre is a compact subset of Q. Since /j, is ergodic, the Poincare recurrence 
theorem holds true for /i. As a consequence, for almost every {xi), the orbit under 
<&* of the image of the fibre over (xi) recurs into a fixed compact subset of Q for 
arbitrarily large times. However, since v is not uniquely ergodic, by the results of 
Masur [M82| this is impossible. 

If ly is uniquely ergodic with support in CC{Q) and if niV*{Ti) does not consist 
of a single line spanned by a uniquely ergodic point with support in CC{Q) then 
the argument in the above paragraph yields a contradiction as well. Thus indeed 
we have ctq 7^ to- 

Lemma 18.81 now shows that there is a boundary multi-component V such that 
(72 is supported in B2(V). Thus defines a cr2-invariant Borel probability measure 
on $12(7^). The reasoning in the proof of Lemma 18.51 shows that the entropy of 
H coincides with the entropy of its image under the bounded orbit equivalence 
{B2{V),a2) — {il2{'P),(J2). Moreover, the bounded orbit equivalence is compatible 
with the roof functions p2 and consequently we have h^^ ~ {h — 1) J p2dfi < 0. 

Namely, in the case that V consists of a single component, this is immediate from 
Lemma and Lemma [5771 If V is the disjoint union of s > 2 components Vi then 
the projection of /i to each of these components is an invariant Borel probability 
measure on the component. The roof functions on the components sum up to 
the roof function of the union. But this just means that the entropy of fi as an 
invariant measure of the suspension flow does not exceed the sum of the entropies 
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of its projections to the suspension flows on the components. Hence by Lemma l8.81 
this entropy is not bigger than h — I. This is what we wanted to show. □ 

For any proper subsurface 5*0 of S, the subsurface projection of a simple closed 
curve (or, more generally, of a union of simple closed curves) into 5*0 is defined 
(Section 2 of [MMOO]). Let po > be large enough so that for this number, the 
conclusion in Theorem 6.12 of |MMOO] and in Theorem 6.1 of |R07) are satisfied. 
This means the following. 

For a subsurface 5*0 of S and two markings /io, Mi of S define 5{^o, ^i; Sq) to be 
the diameter of the subsurface projection of ^qU into 5*0. By Theorem 6.12 of 
[MMOOl ■ up to a universal multiplicative and additive constant the distance in the 
marking graph between any two markings fio,fJ.i equals 

/5(mo,Mi)= X! ^(Mo,A*i;'S'o) 

S{po,tii;So)>po 

where the sum is taken over all subsurfaces 5*0 of 5*. We also require that the 
corresponding formula is valid for distances in Teichmiiller space as formulated 
in |R07| . Namely, we require that for any two points xo,xi in the thick part of 
Teichmiiller space and for any two short markings fJ-o^fJ-i for xq,xi as defined in 
the proof of Lemma 15.61 up to a universal additive and multiplicative constant the 
Teichmiiller distance d-T-{xQ, xi) between xq and xi equals 

x(mo,/^i)= X! ^{f^o, f^i; Si) + ^ \og6{^io,^ii;A) 

where the first sum is taken over all subsurfaces 5*1 of S different from annuli and 
where A runs through the essential annuli. 

Choose once and for all a map R which associates to a large train track r a short 
marking R{t) for r. We assume that R is equivariant with respect to the action of 
the mapping class group. For a number fc > define a finite splitting and shifting 
sequence (Ti)o<i<n to be of k-restricted type if 

x(i?(ro),i?(T„))//3(i?(To),i?(T„)) > 1/fc. 

Call an infinite splitting and shifting sequence (r^) of fc- restricted type if 

lim inf x{R{rQ),R{Tt))/l3{R{To),R{rt)) > 

Call a point ((xi),fi) € of fc- restricted type if it can be realized by a biinfinite 
splitting and shifting sequence of fc-restricted type. 

Let TZk C fl2 be the set of all biinfinite sequences {{xi),fi) of fc-restricted type. 
Note that TZk C TZk+i for all k, moreover TZk is (T2 -invariant. Let A4k be the closure 
in the weak*-topology of the space of all CT2-invariant Borel probability measures 
on ^2 which give full measure to TZk- We have 

Lemma 8.11. For every k > there is a number 6 {k) > such that J p2dfj, > S{k) 
for every fi G Mk- 
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Proof. Let fihe a (T2-invariant Borel probability measure on ^1,2 which gives full mass 
to TZk n 1)142 ■ By invariance, each of the measures in the ergodic decomposition of 
fj, gives full mass to TZk H 'DU2, so it is enough to assume that /i is ergodic. Then fi 
defines an invariant ergodic Borel probability measure on {X2, 0*) which we denote 
again by /i, and 

A = G2UJ.) 

is a <i>*-invariant Borel probability measure on Q. 

Identify 7)142 with the subset 1)1/12 x {0} of X2. Let (xi) € 'DI/I2 be a typical 
point for fj,, i.e. a point for which the Birkhoff ergodic theorem holds true. By the 
Poincare recurrence theorem, there is a sequence — >■ (30 such that a2'{xi) — > (xi) 
and that 6*2 ((72' (a;^)) G2{xi) {i ^ 00). 

Let R be the map used to define sequences of fc-restricted type. By construction 
of the subshift {fli,ai), for each large i there is a mapping class gi & T such 
that giTQ = Tn- By Theorem 2 and Lemma 6.6 of jH09a| . the image under R 
of a splitting and shifting sequence is a uniform quasi- geodesic in the marking 
graph of S. Therefore there is a number a > not depending on (xi) such that 
the distance in the marking graph between R(tq) and giRir^) is contained in the 
interval [a~^ri,ari]. By the Birkhoff ergodic theorem, it now suffices to show the 
existence of a number <5 > not depending on fi with the following property. Let 
(ri) be a splitting and shifting sequence realizing (xi) and let ^ £ Q(ro) be a lift of 
G2{xi) G Q. Let > be such that S Q(TrJ; then ti/ri > 5 for all sufficiently 
large i. 

Let n : Q,{S) T{S) be the canonical projection and let as before dj- be the 
Teichmiiller distance on T{S). Since 6*2 ((T2' (^0) ~^ G2{xi) and since F acts freely 
on T{S), by equivariance the distance between n($*'q') and gi(nq) in {T{S),d-r) 
tends to zero as i 00. In particular, for large i the distance between Ilg and 
gi(Ilq) is contained in the interval [t^ — 1, + 1]. Let x € T{S) be a point which is 
short for the short marking R{tq) of tq. Note that x is contained in the thick part 
of Teichmiiller space as explained in the proof of Lemma 15.61 By equivariance, if 
u — d-j-{x, Hq) then 

dr{x, gix) e [ti — u — 1, ti + u + 1]. 

On the other hand, by the definition of a sequence (xi) of fc- restricted type, by 
Theorem 6.1 of [R07] and by the discussion in the third paragraph of this proof, 
there is a number b = b{k) > not depending on (2;^) so that 

dr{x,gtx) > hvi - h 

for all sufficiently large i. Together we conclude that ti + u + 1 > hvi ~ h ior large 
i. Since the number h does not depend on /x, this is what we wanted to show. 

If /i is a cr2-invariant ergodic Borel probability measure which gives full mass to 
TZk — VU2 then by Lemma lS.lOi [i is supported in a boundary multi-component V 
of /I. This implies that for a suitable choice of 7-", the measure \i gives full mass 
to the set of uniquely ergodic sequences for this boundary multi-component. The 
above discussion applies as well and shows the lemma. □ 
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The next observation is related to a result of Masur |M93j . He showed the fol- 
lowing. Let 5r be a Mod(S')-invariant distance on Q{S) with the property that the 
canonical projection Q{S) — )■ T{S) /Mod(S') distorts distances only by a universal 
additive amount (where the moduli space T(S')/Mod(S') is equipped with the Te- 
ichmiiller metric). Then for every quadratic differential q € Q(S') and almost every 
9 € [0, 2tt) we have 



This implies in particular that with respect to the Lebesgue measure, there is some 
fc > such that almost every g € Q is of fc-restricted type. 

Lemma 8.12. For every e > there is a number £ = £{e) > with the following 
property. Let fj, be a (72 -invariant Borel probability measure on ^l2 with 11(^12—1^1) — 
1; then h^^ — e J p2d^ < 0. 

Proof. We claim that for every open relative compact set V G Q and for every 
e > there is some £ > with the following property. Let /i be a o'2-invariant Borel 
probability measure on ^2 with ii{T>U2 — TZe) = 1; then G2(/i)(y) < e. 

To see that this holds true assume otherwise. Then there is an open relative 
compact set V C Q, there is a number e > and there is a sequence fa {£ ~> 00) 
of cr2-invariant ergodic Borel probability measures with p,e(il,2 — Ti-i) — 1 and such 
that G2{fJii){V) > e. Let /i be a weak limit of the measures p.i. Then G2{p){V) > e 
and hence the discussion in the proof of Lemma [8. 101 shows that also ix{'DU2) > £• 
On the other hand, we have J p2diJL = hy continuity which contradicts the fact 
that the function p2 is nonnegative and positive on 1)1^2. 

This reasoning also applies to (r22('P), 172) where V is any boundary multi- 
component. The lemma now follows from Lemma 18.101 and Lemma 18.51 and by 
induction. □ 

We use this to complete the proof of Theorem [3] from the introduction. 

Proposition 8.13. For every e > there is a compact set K (Z Q such that the 
entropy of any ^* -invariant Borel probability measure p, on Q with p{Q — K) — 1 
does not exceed h — 1 + e. 

Proof. Let e > and let ^ > be sufhciently large such that h^ — e J p2dp, < for 
every Borel probability measure p with p{'DU2 — Ti-i) — 1- Such a number exists 
by Lemma [8. 121 By Abramov's formula and the discussion in the beginning of this 
section, for each such measure p the entropy of G2{p) does not exceed e. 

Let Ki <Z K2 <Z ■ . ■ be an increasing sequence of compact subsets of Q such that 
^iKi = Q. Let Ai = G^^(Q — Ki) n TZi,. We claim that there exists some iq > 
with the following property. If /x is a (T2- invariant Borel probability measure with 
p{Aig) = 1 then 



lim sup 5T{q,^'e'%)/\ogt = -. 



t—¥00 
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Namely, otherwise there is a sequence {fii) of CT2-invariant ergodic Borel proba- 
bihty measures such that fj,i{Ai) = 1 for aU i and that 



By passing to a subsequence we may assume that the measures fii converge weakly 
to a measure ^ £ A4i with ^{T>U2) = 0. Lemma 18.101 shows that — {h — 
1) J p2dfj, < 0. On the other hand, we have ft,^ > limsupj /i^. by Lemma 18.51 and 
/ P2di^ > S{£) > by Lemma [8.111 which is a contradiction. 

Now TZf is invariant under a2 and hence every ergodic f72-invariant Borel prob- 
ability measure p on satisfies piJZf) = or fJ.{TZ() = 1. On the other hand, 
by Lemma [5.91 everv ^'-invariant measure /j, on Q is the image under G2 of a (T2- 
invariant measure on Q2- Using once more Abramov's formula, the proposition 
follows. □ 

Recall that a compact subset i^T of a stratum is a closed subset with the additional 
property that for some fixed e > 0, the length of any saddle connection for any point 
q e K is at least e. Thus Proposition 18 . 1 31 can be reformulated as follows. 

For every e > there is a number 6 > with the following property. Let C C Q 
be the set of all differentials with at least one saddle connection of length at most 
S. Then the entropy of any ^'-invariant Borel probability measure on Q with 
i'{C) — 1 does not exceed h — 1 + e. 

There are refinements of this result which follow from the same argument. We 
formulate explicitly one such refinement. Define ft-thin to be the maximal entropy of 
an ideal boundary multi-component of Q. Note that every disconnected boundary 
multi-component is an ideal boundary multi-component. Let Q be the closure of 



Corollary 8.14. For every e > there is a compact set K C Q such that the 
entropy of any -invariant Borel probability measure fi on Q with p{Q — K) = 1 
does not exceed /ithin + e- 

Proof. The proof of Proposition 18.131 directly applies. Namely, argue by contra- 
diction and assume that the claim does not hold true. Then there is a number 
£ > and there is sequence of invariant ergodic Borel probability measures pi on 
^2 which give full measure to the set of points in 'DU2 H TZe whose image under G2 
consist of quadratic differentials with at least one simple closed curve of length at 
most 1/i and whose entropy is bigger than /ithin + c- Any weak limit of this sequence 
gives full mass to an ideal boundary multi-component. From this observation and 
upper semi-continuity of the entropy the corollary follows. □ 

There are also extensions of Proposition 18.131 to measures on the set of qua- 
dratic differentials with fc > 1 short saddle connections whose interiors are pairwise 
disjoint. The latter restriction is necessary because an area one quadratic differ- 
ential may have an arbitrarily large number of short saddle connections which are 
all contained in some proper subsurface. We refrain from giving precise technical 
formulations here. 



(15) 




Q in Q{S). 
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9. Counting periodic orbits 

This final section is devoted to the proof of Theorem U from the introduction. It 
directly builds on the results in Section 8. We use all assumptions and notations 
from Section 8. 

For a number A: > define a periodic orbit for $* in Q to be of k-restricted type 
if one (and hence every) point on the orbit is a quadratic differential of fc-restricted 
type. 

Proposition 9.1. For every e > there is an open relative compact set U <Z Q 
and for every fc > there is a number c = c{k) > with the following property. 
The number of periodic orbits of $* of k-restricted type and of length at most R 
which are contained in Q — U does not exceed ce*-''^^^'-'^. 

Proof. Let e > and let U C Q be an open relative compact set such that 

hf, - {h - 1 + e) J p2dn < 

for every (72-invariant Borel probability measure fi on fl2 with j.i{T>lA2 — G2^{Q, — 
U)) = 1. Such a set exists by Proposition l8.13l 

Our goal is to show that U has the property stated in the proposition for the 
number 2e. For this we argue by contradiction and we assume that there is a number 
K > and there is a sequence i?i — >■ cxi such that the number of periodic orbits for 
<i>* in Q of /c-restricted type and of length at most Ri which do not intersect U is 
not smaller than e(''^i+'^+2«)^». 

The set of all points in Q whose <i>*-orbit is contained in Q — J7 is a closed subset 
of Q. Since G2 is continuous, the closure A C il2 oi the set of all points whose 
cr2-orbit is contained in G'^^(Q — U) is compact and (T2-invariant. Define 

f = -{h-l + e)p2; 

by the choice of U and by Lemma [8. 101 we have hf^ + J fdfi < for all o'2-iiivariant 
Borel probability measures p on il2 with fJ,{A) = 1. 



Recall from Lemma 18.41 the definition of the distance d on il2. For numbers 
e > 0, n > call a set E d A {e, n)-separated if for x ^ y E there is some p < n 
such that d{a2X, cr|?;) > e. 

For a finite set E C ^l2 write 

n-l 

ZM,E) = ^exp^/(a2^x). 

Define 

(16) H{f) — lim limsup — log{Z„(/, E) \ E C A is {n, e)-separated}. 

n—>oo ri 

By the results of Walters jW75j . H{f) equals the pressure of the restriction of 
the continuous function / to the compact invariant set A. In particular, we have 
H{f) < 0. 
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Let as before P : O2 — > fii be the first factor projection. Let (5 > be sufficiently 
small that if x,y € ^2 and if Px, Py are contained in distinct standard cylinders of 
length n then x, y are ((5, n)-separated. Such a number exists by the construction 
of the metric d. Since H{f) < and since the expression on the right hand side of 
equation (|T6|) is increasing as e > is decreasing, we conclude the following. For 
n > let En C A be any {6, n)-separated set and let /3 > 0; then 

(17) Cp = J2 e-^"Zn{f, En) < 00. 

n 

Let fc > 0. By Theorem 18.11 and the construction, for each periodic orbit 
for which is contained in Q — [/ and is of fc-restricted type there is a periodic 
point x{q) E A for (T2 of some period n{q) > with G2{x{q)) = ^''q for some s G M. 
The point x{q) is defined by a train track expansion of a pseudo-Anosov mapping 
class which defines the orbit. If T{q) > is the period of {$*q} then 

n{q)-l 

f{cTlx{q)) = -(h-l + e)T{q). 

i=0 

Since splitting and shifting sequences define uniform quasi-geodesics in the mark- 
ing graph (Theorem 2 and Lemma 6.6 of |H09a) ). by the definition of an orbit of 
fc-restricted type and the argument in the proof of Lemma 18.111 there is a number 
£ > only depending on k such that 

riq) > n(q)/L 

Let /3 = K,/ H. For fixed n, the periodic points x{q) G A with n{q) — n which corre- 
spond to distinct F-orbits of train track expansions of some pseudo-Anosov elements 
define a (5, n)-separated subset of A. Since F is torsion free, the F-orbits of any two 
train track expansions of two distinct pseudo-Anosov elements are distinct. Thus 
up to choosing the (S, n)-separated sets for the calculation of the number > in 
the equation pTl) appropriately, each periodic orbit in Q~ U of fc-restricted 

type contributes to the sum with the value e~(''~i+'^)^(«) > e-(''-i+^+«)^(«)e'^"('?). 

By assumption, for each i there are at least periodic orbits of $* 

of fc-restricted type and of length at most Ri which are contained in Q — U. The 
summands in (IT71) are all positive, and there are at least ei>^-^+'^+^i^)Ri summands 
with value not smaller than ^ Now the set {Ri \ i} is unbounded and 

hence this violates the fact that < cx) in (fT7|) . From this contradiction, the 
proposition follows. □ 

We are left with the (harder) task of counting the number of periodic orbits 
which are not of ^-restricted type for some large £ > 0. By definition, these are 
orbits with long subsegments twisting about a simple closed curve. 

We begin with locating regions of twisting along sequences in VUi C fii. For 
this let c be an embedded simple closed curve in a large train track r. Since S is 
oriented, a choice of an orientation of c defines a right and left side of c in S*. A 
half-branch 5 in r — c with endpoint in c is right or left according to whether it is 
contained in the right or left side of c in r. It is incoming if any smooth oriented 
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arc in r which begins in b and passes through the endpoint v of b defines locally 
near v the orientation of c, and it is outgoing otherwise. 

There is a number pi > with the following property (see |H09cj for details). 
Let (r^) be any splitting and shifting sequence issuing from tq — t which consists 
of splitting and shifting moves at large branches in c. Then for every p > pi, either 
every left half-branch b £ Tp ~ c with endpoint in c is incoming and every right 
half-branch is outgoing, or every left half-branch b € Tp — c with endpoint in c is 
incoming and every right half-branch is outgoing. In this case we call c in standard 
position in Tp. 

If c is in standard position in a large train track r then there is a right or left 
Dehn twist (pc about c so that ipcT -< t. The direction of the twist is determined 
by T. Moreover, there is a train track r' which contains c as a twist connector (i.e. 
c is the union of a single small branch and a single large branch) and such that 
(fcT ^ t' < T (we refer to |II09cj for details). 

Let as before i? be a Mod(S')-equivariant map which associates to a large train 
track T G CT{Q) a short marking. By Theorem 5.3 of [MMSlOj and the above 
discussion, after perhaps replacing the number po used in the definition of the 
quantities /3(/io,/ii) and x(/^OjMi) by a bigger constant, there are numbers p2 > 
3(po + Pi) and k > with the following property. 

Let (Ti) C CT{Q) be a splitting and shifting sequence. Let A C 5 be an annulus 
and assume that 6{R{to), R{tu); A) = p > P2 for some u > 0. Let c be a core 
curve of A. Then there is some smallest number to{c) > and a largest number 
ti{c) < u such that c is embedded in both Tt^^(c) and Tf^^c) and is in standard 
position. Moreover, the following properties are satisfied. 

(1) <5(i?(To),i?(T4„(,));A) <po, 5{R{Tt,(c)),R{ru)]A)<po. 

(2) There is a (positive or negative) Dehn twist (pc about c, and there is a 
number fc > such that Tf^(c) ^ '/'c'''to(c)- Moreover, Tt^[c) can be obtained 
from (/3jf''"to(c) by at most n splitting and shifting moves at large branches 
in c, followed by a sequence of splitting and shifting moves at branches in 
the complement of c. 

We call the interval [to(c), ii(c)] the region of twisting about c. Note that if j > ti{c) 
then the curve c is not embedded in Tj. There is an obvious extension of this 
definition to infinite splitting and shifting sequences where we allow to(c) = —oo 
and ti{c) — oo. The twisting number of c along (r^) is the largest number fc > 
so that property 2) above holds true for fc. If (r^) is infinite, this can be infinite 
as well. We say that c is twisted along the sequence (r^) if the twisting number of 
c along (r.;) is at least three. We say that c is strongly twisted along the sequence 
(Ti) if the twisting number of c along (r^) is at least five. 

Assume that c is twisted along (r^) and let [to{c),ti{c)] be the region of twisting. 
Let moreover fc > 3 be the twisting number of c. By the above remark (compare 
[H09c] ) there is a train track t' which contains c as a twist connector and such that 

, k—l I.I. 
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Moreover, r' can be obtained from Ttg(c) by a uniformly bounded number of splitting 
and shifting moves at large branches contained in c. If d is any simple closed curve 
embedded in Lp^r' which intersects c then d is not embedded in r', and it is not 
embedded in f ir'- In particular, d is not twisted along (n). 

Call a splitting and shifting sequence (r,) in normal form if the following holds 
true. Let c be any simple closed curve which is twisted along (n). Let [to{c),ti{c)] 
be the region of twisting. Then there is an interval [to{c),t'i{c)] C [to{c),ti{c)] with 
the following properties. 

(1) c is untwisted in {Ti)i<t'^(^c) and in (ri)i>t'^(c). 

(2) c is a twist connector in each of the train tracks Tj for fo(c) < i < t'i{c). 

Call a train track expansion r G CT{Q) of a pseudo-Anosov element g G Mod(S') 
in normal form, if t can be connected to gr by a splitting and shifting sequence in 
normal form. The above discussion easily implies 

Lemma 9.2. Every pseudo-Anosov element g € Mod(5') admits a train track ex- 
pansion in normal form. 

Proof. Let t € CT{Q,) be any train track expansion for g. Let (r^) be a g-pcriodic 
splitting and shifting sequence with tq = T,Tk = gr. Let c be a simple closed curve 
which is embedded in tq and is in standard position. Assume that c is twisted along 
(Ti). Then there is a Dehn twist ipc about c so that either r/j -< (pcTo -< tq or that 

To -< (ficTo -< T-k- 

In the first case it follows from the above discussion that wc can modify tq with 
a sequence of splitting and shifting moves at large branches in c to a train track r' 
which contains c as a twist connector and such that gro -< ipcTo -< t' -< tq. Then 
gr' -< t' and hence r' is a train track expansion for g. The second case is handled 
in the same way. Successively we can now construct a train track expansion for g 
in nomal form. □ 

Observe that two twist connectors ci, C2 in a large train track r do not intersect. 
Namely, otherwise the large branch of r contained in ci is contained in C2 as well. By 
the definition of a twist connector, this implies that r = Ci U C2 which is impossible 
since S is of higher complexity by assumption. In particular, two distinct twist 
connectors in a large train track r determine two disjoint not freely homotopic 
simple closed curves in S. 

Let 6 < 3(7 — 3 + m be the maximal number of pairwise disjoint twist connectors 
which are embedded in some train track r G CT{Q). A decorated train track is a 
train track t together with a labeling of all twist connectors Cj in t with distinct 
numbers in {1, . . . , 6}. The F-orbits of decorated train tracks define a finite alphabet 

which consists of decorated letters from the alphabet E\ . There is a decoration 
forgetful map £"3 — > Ei, and there is a Markov chain (173,0-3) with alphabet i?3 
which is determined by the requirement that the forgetful map E^ — >■ Ei defines a 
semi-conjugacy (03,0-3) ^ (Oi,o-i). 



SYMBOLIC DYNAMICS FOR THE TEICHMULLER FLOW 



65 



Define a finite or infinite decorated splitting and shifting sequence (rji) to be 
basic if {rji) is in normal form and if moreover the following properties hold true. 

(1) No simple closed curve is strongly twisted along (rji). 

(2) If c is twisted along (77^) and if c is a twist connector in both rji and rjj then 
the labels of c in rji and rjj coincide. 

An extension of a basic decorated finite or infinite splitting and shifting sequence 
is a decorated splitting and shifting sequence (rj inductively defined as follows. 
To each i and each twist connector c in r]i with the additional property that c is 
twisted in rji associate a number bi{c) > 0. Let tq = rjQ and let cq, . . . , Cfe be the 
twist connectors in tq to which positive numbers 60 (cj) > have been assigned. 
Let be the Dehn twist about Ci so that ifaTo -< tq. Let u — (^c"'"^^'' • • • ^^c}'^''^ 
and connect tq to wtq = Ts by a decorated splitting and shifting sequence which 
inherits the decoration from tq. Define r^+i = wqi and repeat this construction 
with Ts+i and the basic sequence u{rji)i<,i<,p for which the numbers associated to 
twist connectors are inherited from the numbers associated to the twist connectors 
in {-q,). 

Informally we say that a periodic orbit in Q has small entropy if its preimages 
in {^2i'^2) approximate measures with small entropy. More precisely, for a number 
a > we say that the entropy of a periodic orbit {'^^q} is a-small if there is 
a periodic basic decorated splitting and shifting sequence {rji) with the following 
properties. 

(1) There is an enlargement (r^) of (77^) which is mapped by the composition 
of the decoration forgetful map with the map S to 

(2) The prime period of (r/i) does not exceed aR where R is the period of 
{<f*g}. 

The following proposition is not needed for the proof of TheoremS) We include it 
here because its proof describes the structure of periodic orbits near the boundary of 
moduli space, it is possible that Theorem|4]can be proved with a similar argument. 

Proposition 9.3. For every e > there is a number a = a(e) > such that the 
number of periodic orbits for of period at most R whose entropy if a-small is at 
most e''^+^ 

Proof. For the proof of the proposition we evoke Minsky's product region formula. 
Namely, a pants decomposition P of S* defines a system of Fenchel Nielsen coor- 
dinates (£1, . . . ,£3g_3+m,Ti, . . . ,T3g_3+m) for Teichmiillcr space T{S). Here with 
respect to some numbering of the components of P, £i is the length of a pants curve 
7i, and Ti is the twist parameter. 

The product region theorem (Theorem 6.1 of |M96) ) states the following. Let 
7 C P be a multicurve with u > 1 components 71, . . . ,7„. For some sufficiently 
small (5 > let y C T{S) be the region of all marked hyperbolic metrics for which 
the length of each of the components 7^ is at most 5. Let So be the (possibly 
disconnected) surface obtained by replacing each of the components 7^ of 7 by a 
pair of punctures. The {6g — 6 — 2m + 2m)-tuple of Fenchel Nielsen coordinates 
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at pants curves in P — 7 defines Fenchel Nielsen coordinates for Sq. The natural 
coordinate forgetful map determines a projection Hq : V ^ T(S'o). 

For each component 7^ of 7 let be a copy of the upper half-plane equipped 
with the hyperbolic metric. Define a map Hi : V —?' Hi hy 11,(0;) = Ti) where 

{£i,Ti) are the length and twist parameters for 7^. In Fenchel Nielsen coordinates, 
the positive Dehn twist about the curve 7^ preserves the length and twist parameters 
of any pants curve Q E P — ^i, and it projects to the transformation (ii,Ti) — > 
{ti,Ti + 1). For two points x,y eV define 

dp{x, y) = Ta&yi{dr(So) J\o{y)),dii, {Hi{x), Hi{y))} 

where dr(So) denotes the Teichmiiller distance on T{So) and where dji. is the 
hyperbolic metric on H^. By Theorem 6.1 of |M96] . there is a constant a > only 
depending on S such that for all x,y E V, 

\dr(S){x,y) ~ dp{x,y)\ < a. 

(fJajCTa) is a topological Markov chain and hence there is a number k > so 
that any two sequences in contained in different standard cylinders of length n 
are (k, rt)-separated. The topological entropy of (n^^a^) is finite and therefore for 
e > there is a number a < e/a so that the number of distinct admissible decorated 
sequences of length an is at most e*^". 

A periodic orbit {$*<?} in Q of period at most R whose entropy is a-small is 
the image of a periodic enlargement (r^) of a periodic basic decorated splitting and 
shifting sequence (77,^). Let g S Mod(iS') be the pseudo-Anosov element which defines 
{<i>*g} and which preserves U„(T3 (ri). Then there is an element go £ Mod(S') such 
that goTjo = rjs for some s < aR < eR/a, and there is a fundamental domain for the 
action of g on UuCTg (r^) which is an enlargement of the finite sequence (77i)o<i<s- 

Assume first that there is no twist connector in rjo which is also a twist connector 
in 77s. Then we may assume that the following holds true. Let p > s be such that 
gTQ — Ts- We may assume that for every simple closed curve c, either c is not 
twisted in (ri)i<o or c is not twisted in {Ti)i>Q. By the product region formula, this 
means the following. Fix a label j < b and let ci , . . . , ca: (fc < s) be the distinct twist 
connectors along {rji) with label j. For each i < fc let t{ci) be the twisting number 
of Ci in (Ti) (with the obvious interpretation); then ^i^ogt{ci) < R+ka < {l + e)R. 

We now count the periodic orbits in Q of length at most R which are obtained 
as enlargements of the fixed basic decorated sequence (?/;). Our goal is to show that 
there are at most ce*^''+'^)^ such orbits for some c > 0. 

For this write v = R/k. Assign to each of the twist connectors Ci an integer 
> so that J2i i(*) ^ vk{l + e). The integer is viewed as the logarithm of 
the twisting number of c;. The number of different orbits whose logarithmic length 
distributions are within one of the given distribution roughly equals ^ • e-''-*' . In 
particular, this number does not exceed a constant multiple of e^'^^^^'^^ = e^^^+'^^. 
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The number of all tuples (j(l), . . . ,j{k)) with — + ^) ^^"^ number 

of non-negative integral lattice points in R'^ which are contained in a hypersimplex 
of side length hp where p ~ v{l + e). The volume of such a hypersimplex is 

and the number of integral lattice points in this hypersimplex is bounded from above 
by a constant multiple of this volume. Now as p — >■ oo, we have (1 + logp)/p — >■ 
and hence there is some sufficiently large p > such that this number does not 
exceed e*^^. As a consequence, the number of distinct orbit points counted in this 
way is not bigger than e^^^^'^^-'^. 

Now if c, c' are disjoint simple closed curves then since the Teichmiiller metric 
is a sup metric, these two curves only contribute with the max of the log of their 
twisting length to the length of the orbit. Since there are at most b disjoint twist 
connectors in a large train track rj G CT{Q), the number of periodic orbits of length 
R which are defined by the same sequence {rji) is at most e''(-^^+^'^. This shows the 
claim. 

The case that there is a twist connector c in rj^ which also is a twist connector 
in follows in the same way. Namely, since g is pseudo-Anosov, we have gt^c ^ c 
(since otherwise also gc — c). As a consequence, the label j of gc is different from 
the label z of c and hence the twisting numbers of the curves with label i determine 
the twisting numbers of the curves with label j. 

The map g permutes the labels. If there is no twist connector in rjo which is 
also a twist connector in 772s then let ci , . . . , Cp be the twist connectors in rjo which 
are also twist connectors in 77^. Then g maps the set of labels {1, . . . ,p} disjointly 
from itself. Assume that Ci has the label i and that the label of gci is Q+p. To 
determine the possibilities for the twisting numbers of the labeled curves with label 
j < p, consider the sequence (77i)o<i<2s- The above discussion shows that there are 
roughly e^^ possibilites, but each such choice determines the twisting numbers for 
the curves with label c^+p. As before, we conclude that the number of possibilities 
does not exceed ei''+^<^)^. The case that there is a twist connector c in rjo which 
also is a twist connector in rjuk for some u > 3 is treated in the same way. □ 

Counting periodic orbits which are neither of ^-restricted type nor of very small 
entropy is harder. Namely, such an orbit may pass through regions in the thin 
part of moduli space corresponding to varying boundary strata which gives rise to 
combinatorial difficulties for the approach in the proof of Proposition 19. 31 

Instead we use the strategy employed to control orbits of ^-restricted type. There 
are two difficulties to overcome. The first is the fact that the roof function p2 on 
fl2 is not bounded away from zero. Second, periodic orbits in Q are not separated 
in regions of twisting. 

To overcome these difficulties we change the topology at infinity of the flow space 
Q in such a way that in the resulting space, periodic orbits are separated. 

Let (ri4, (74) be the product of the shift space fis with b copies of the Bernoulli 
shift (Ei,7/i) (z = 1,...,6) in the letters 0,1. We choose the numbering of the 
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factors in such a way that is the zero component. Let Hq : 1^4 — >■ 1^3 be the 
canonical projection, and for 1 < i < 6 let 11, : f24 ^ Sj be the projection onto the 
i-th Bernoulli shift. 

Define an extended splitting and shifting sequence to be a (finite or infinite) 
sequence (tj) so that for each i, either Tj+i is obtained from by a splitting and 
shifting move or Tj+i = Tj. The definition of a simple closed curve c which is 
twisted along a (perhaps decorated) splitting and shifting sequence carries over 
without changes to extended splitting and shifting sequences. Similarly, there is a 
natural definition of a basic extended splitting and shifting sequence. 

If (xi) £ ^4 is any sequence and if the decorated train track tq is a representative 
of the letter no(a:i)o S E3 then no(a:i) determines uniquely an extended decorated 
splitting and shifting sequence u){xi) through u){xi)o = tq. We say that co{xi) 
realizes IIo{xi). 

Define ^4 to be the largest o-4-invariant subset of ^4 with the following proper- 
ties. 

a) An extended splitting and shifting sequence uj{xi) which realizes Ilo{xi) is 
basic. 

b) If the active component j of the transition modifying (xi) G ^4 to cr4(.Xi) 
is not the zero-component, then a representative of the zero-component of 
a;o contains a twist connector c labeled with j. Moreover, c is twisted along 

t^{Xt). 

c) Let c be a twist connector in u}{xi) labeled with j < b. Assume that 
the active component of the transition which modifies {xi) to 0-4 (ajj) is 
the component j. Let fc > be the smallest number so that the transition 
which modifies U!{xi)k to Lu{xi)i^^i is a splitting and shifting move at a large 
branch in c. If £ > k is such that the active component of the transition 
which modifies to a^'^^ is the component j then c is not embedded in 

The following observation is immediate from the definition. 
Lemma 9.4. ^4 is a closed subset ofCli. 

Proof. Each of the conditions a),b),c) is a closed condition. □ 

To each sequence (xi) G and each decorated train track tq = ui{xi)o repre- 
senting the letter no(a;j)o G E3 we associate inductively a decorated splitting and 
shifting sequence A{xi) = (r,) issuing from tq = A{xi)o and a number k{xi) > as 
follows. 

If the active component of the transition transforming (.t;) to 0-4 (.x^) is the zero 
component, then using the above notation, the decorated train track co{xi)i is 
obtained from tq = ui{xi)o by a splitting and shifting move. Define 

A(a;i)i = Ti = io{xi)i and k{xi) = 1 

and repeat this construction with 0-4 (a;,) and A(a;j)i. 
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If the active component is the component p G {1, . . . , 6} then by property b) 
above, there is a twist connector c embedded in tq with label p. Let u G [l,oo] be 
the maximum of all numbers with the following properties. 

(1) The active component of the transition transforming a2~^{xi) to cr^ixi) is 
the component p. 

(2) The extended splitting and shifting sequence w(a;j)o<i<« does not contain 
a splitting and shifting move at a large branch in c. 

Assume first that u < oo. Let v < he the smallest number so that the curve c 
is a twist connector in uj{xi)v The string {xi)v<i<u defines a (finite or half-infinite) 
string {ai)o<i<s {s € [0, oo]) in the numbers 0, 1 inductively as follows. 

Put ao = Ilp{xi)u- Let j be the largest number in the interval [v,u — 1] so 

that the active component of the transition transforming cr^" (xi) to a\{xi) is the 
component p. If no such number exists then put s = 0. Otherwise let ai = Iip(xi)j 
and proceed inductively. The last entry cls (here it is possible that s = oo) in the 
string is obtained from the transition transforming a^~^*{xi) to cr'^'^*^^ (xi) where 
t > is the smallest nonnegative number such that the active component of this 
transition is the component p. Each entry in this (finite or half-infinite) string 
corresponds to exactly one transition with active component p. In particular, there 
is a number £{xi) > so that the transition transforming (xi) to 0-4 (a; j) corresponds 
to the number a^(xi)- 

For i < and i > s define = and let = (ii^i^xi)- Then (a^) is an infinite 
string in the numbers 0, 1. In particular, the dyadic roof function ^ as constructed 
in the appendix is defined for this string and any of its shifts. For n > 1 write 

n-l 

Let ro(n) > be the largest integer which is not larger than 2^"^"'^ Note that if 
w = then ro{l{xi)) ^ 2f'*"''("'). Put ro(-l) = and define 

(18) k{xi) = 2(ro(£(a;i)) - ro{e{xi) - 1)) > 0. 

Let be the unique Dehn twist about c so that <^c(to) -< tq. Connect tq with 
a decorated splitting sequence of length k{xi) to 

We assume that the decoration is inherited from the decoration of tq. Note that 
since c is a twist connector by assumption, the train track (pc{To) is obtained from 
To by two consecutive splits at a large branch in c. Repeat this construction with 
(Ti{xi) and h.{k{xi)). 

If u = 00 then we mark the curve c. Let s > 1 be the smallest number so that 

the active component of the transition from a1{xi) to (r'l'^^lxi) is distinct from the 
component p. Define A(xi)i with the above procedure but by replacing (xj) by 
a%{xi). If no such s exists then define A(a;i)i>o to be the constant sequence. 
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As in Section 8, for a splitting and shifting sequence (t^) let B{Ti) be the set 
of all projectivizations of all measured geodesic laminations which are contained 
in niV(ri). For (xi) € ^4 and a representative tq of the zero-component of xq 
construct the sequence A{xi) through A{xi)o — ''0 and define B{{xi),TQ) to be 
the subset of all projective measured geodesic laminations which are contained in 
niV(A(xi)) and which moreover do not intersect any marked simple closed curve 
in n,;V(A(a;i)). As in Section 8, for g g F we have B{{xi), gro) — gB{{xi),To). In 
particular, the group F naturally acts as a group of transformations on {{{xi), tq, f ) | 
(xi) £ tl4,Tf) e Uo{xi)o,£_ e B{{xi),To)} equipped with the product topology. We 
have 

Lemma 9.5. The quotient space 

^5 = {{{x,),To,0 I (xi) e 1^4, To e no(xi)o,C e b{{x,),to)}/t 

is compact. 

Proof. Since CI4 and VMC are compact, it suffices to show the following. Let 
{xi)j C £^4 be a sequence converging to some {yi) G Assume without loss of 
generality that the zero components of {xo)j, yo coincide. Let tq be a representative 
of this zero component. Let G B{{xi)j,To); then up to passing to a subsequence, 
^ C e S((y,),To). 

However, this is almost immediate from the construction. Namely, let A{xi)j 
and A(yi), respectively, be decorated splitting and shifting sequences constructed 
as above from {xi)j, (yi) and tq. If there is no simple closed curve c which is a 
twist connector in all but finitely many of the train tracks A(j/i) (i > 0) then the 
sequence A(yi) is infinite, and the twisting number in A(yi)i>o of any simple closed 
curve is finite. In this case the desired conclusion follows as in the proof of Lemma 

Now assume that there is a simple closed curve c and there is a number n > so 
that c is a twist connector in each of the train tracks A{yi) {i> n). Let p <hhe the 
label of c. Then for sufficiently large j the curve c is a twist connector in A(a;„)j. 
The case that the sequence 'Rp{yi)i>o is finite follows as above. If the sequence 
^p{yi)i>o is infinite then as j — >■ 00, the twisting number fc(j) of c in K{xi)j (i > n) 
tends to infinity. 

If a train track 771 is obtained from 770 by a split at a large branch e and if fi 
is a transverse measure on 771, then /i induces a transverse measure fi, on ijq. The 
/t-weight of a branch 6 ^ e in 770 coincides with the /i-weight of the corresponding 
branch in 771 . The /i- weight of the branch e is the sum of the /x- weight of the branch 
corresponding to e in 771 and the /i- weights of the two losing half-branches of the 
split, i.e. those half-branches which are incident on the endpoints of e and which 
are small in the split track 771 . As a consequence, if a large train track 770 contains 
a twist connector c, if ipc is a Dehn twist about c, if 771 — ipc^io -< 770 and if A is a 
measured geodesic lamination which is carried by 770 then the A- weight of c in 770 is 
the sum of the A- weight of c in 771 and the A- weights of the two half-branches which 
are incident on the switches of 770 in c and which are not contained in c. 
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Assume without loss of generality that c is a twist connector in each of the 
train tracks A{xn)j {j > 0). Let u(j) be the largest number so that c is a twist 
connector in A(x„(j))j. Assume for the moment that u(j) < oo for all j. Let 
dj be any measured geodesic lamination which is contained niV{A(xi)j) Ci Vo(tq). 
Then the dj-weight of c on A(x„)j is not smaller than k{j) times the dj-weight of 
the two branches in A(x„)j which are incident on switches in c but which are not 
contained in c. But this just means that as j — oo, every limit in VA4C of the 
projectivizations of dj can be represented as a union of the weighted curve c and 
a measured geodesic lamination whose support is disjoint from c. Together with 
the above discussion, this implies that any limit of a sequence € B{{xi)j,TQ) is 
contained in _B((j/i), tq). 

The case that Uj — oo for infinitely many j follows from exactly the same argu- 
ment. □ 

Let fls C fis be the set of all F-orbits of sequences ((a;i),ro,^) so that the 
decorated splitting and shifting sequence A{xi) is contained in the set VUs of all 
decorated sequences which are mapped by the decoration forgetful map into VVli C 
r^i. The set VU^ is dense in fi5. Define a roof function x on l^s as follows. Let 
{{xi), To, ^) be a representative of a point in n^. Let (r^) = A(xi) be a splitting and 
shifting sequence beginning at tq as defined above. Let /i G Vo(to) be a measured 
geodesic lamination which represents ^. Let k{xi) be as in equation (|18p. Define 

The function x is invariant under the action of F. In particular, it projects to a 
function x on tl^. 

Lemma 9.6. The function x on fl^ is continuous and bounded, and it extends to 
a continuous function on fl^ . 

Proof. By construction of x-i to show that x is bounded it suffices to show the 
following. Let (r^) be any splitting and shifting sequence. Let c be a twist connector 
in To . Assume that fc > is such that c is a twist connector in Tk and that c is not a 
twist connector in Tk+i- Assume moreover that -< (p~^Tk where (pc is a (positive 
or negative) Dehn twist about c. Let A £ r\iV{Ti); then 

(19) A(^-«+irfc)/A(^-Vfc) > 1 - l/s. 

Namely, assume that this holds true. Then for all s > we have 

logXiip^^Tk) - iogA((/3;:"+Vfc) < ci/s 

for a universal constant ci > 0. Let k{xi) be as in equation (jl8p . Then up to a 
uniformly bounded constant, k{xi)/2 = 2'»*('^')— 2'»''-i*^''*^ foranumberf = iixi) > 1. 
As a consequence, we conclude that 

2C'("i) 

logA(To) - log A(¥>,^(^')/Vo) <C2 V - < C3 

^ — ' I 

for numbers C3 > C2 > 0. From this boundedness of x is immediate. 
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To show the estimate (fT9|) . assume that A(rfe) = 1. Then the sum /? of the weights 
of the two half-branches of Tk which are incident on switches in c and which are not 
contained in c is at most one. Let a > /3 be the weight of c. By the discussion in 
the proof of Lemma l9.5[ if s > then the A- weight of c in 77 = ^p~'^Tk equals a + s/3, 
in particular, we have 

A(^-Vfc) = 1 + s/3. 

In the case (3 — Q the estimate ([T5)) is now immediate. If /3 > then 
(20) A((p,-^+Vfe)/A(^-Vfe) = (1 + (s - + = 1 - + s/3) 

which is what we wanted to show. 

Continuity of x o^i ^5 follows as in Section 8. To show that x extends contin- 
uously to all of r^s let [{xi)j,TQ,S^j\ C l^s be a sequence converging to tq, f]. 
Here tq, ^j] is the F-orbit of the point tq, ^j). 

Let {Ti)j = K{xi)j be the splitting and shifting sequence defined by (xi)j and tq. 
Represent by a measured geodesic lamination Vj e Vo(?yo)- By the definition of 
the topology on fis, the laminations Vj converge to a lamination v € Vo(to) which 
represents ^. 

If the active component of the transition modifying (yi) to (7i{yi) is the zero com- 
ponent, then the same holds true for the active component of the transition mod- 
ifying {xi)j to ai{xi)j provided that j is sufficiently large. Then x((2;i)j; ''O; Cj) ^ 
To, ^) follows exactly as in the proof of Lemma 18.41 

The same reasoning also applies if the active component of the transition modi- 
fying [xi) to (74 (xi) is the component p for some p > 1 and if one of the following 
possibilites is satisfied. 

(1) In the extended splitting and shifting sequence ijj{yi) constructed as above 
from no(yi) and tq, there is some s > so that the transition modifying 
uj{yi)s to a;(?/i)s+i is a splitting and shifting move at a large branch in the 
simple closed curve c labeled p in tq. 

(2) The sequence Tlp{xi)i>o is finite. 

Now assume that none of the above two possibilities is satisfied. Assume more- 
over for the moment that for the approximating sequences {xi)j, one of the two 
above possibilities holds. Let as before (a^) be the sequence constructed from 
Ilp{yi) and let {ai)j be the sequence defined by Ilp{xi)j which is used to calculate 
the number k{xi)j. 

Leti = £{xi) be as before. Using equation ([20| . for large j the value x[(a;i)j, tq, ^j] 
is close to 
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Now for very large I the sum (Pljlis close to logfl+g2'^ ('^')0-log(l+/32^ (''')^)). 
Since £ — )■ oo as j — > cx), we have 

(22) |x[(x,),,ro,e,]-C(a»)log2|^0 (j ^ (X)). 

Thus if we define x[(2/i)j ''Oi ^] — Cl*^*) log 2 then by using Lemma [A. 11 we conclude 
that this is a continuous extension of x to ils . □ 

As in Section 8, the shift on extends to a continuous transformation (T5 on 
^5. We have 

Lemma 9.7. There is a number > such that J xd^ > uj for every a^-invariant 
Borel probability measure on fis which gives full measure to VL^. 

Proof. It suffices to show the lemma for ergodic measures. 

By the Birkhoff ergodic theorem, if ^ is (T5-invariant and ergodic and gives full 
measure to 1^5 then there is some [(a;i),ro,^] G fis whose trs-orbit is dense in the 
support of ^ and such that / xd^. = hm„_^oo ^ I]"=o xi^l [(a^i), ^o, ^])- 

Let (xi) be such a point and let (r^) = h.(xi) be the splitting and shifting sequence 
constructed from [xi) and tq. By assumption, C\iV{Ti) fl Vo(to) consists of a unique 
point V. The F-orbit of the sequence (r^) defines a point (z^) G £2i. Since [(x^), tq, ^] 
is recurrent under the shift 175, the point {zi) is recurrent under the shift ai. 

k 

Let kj — cx) be a sequence so that a^^ {zi) is close to (zi) for all j. Using the 
above notation, let F{Ti) = Ti_|_fe(a,.) for all i. It now suffices to show that 

k —1 

for a number S > not depending on fx, 

However, this follows from the construction and Rafi's distance formula together 
with the fact that the image under the map i? of a splitting and shifting sequence 
is a uniform quasi-geodesic in the marking graph. □ 

An extended boundary multicomponent of Q is the union of a boundary mul- 
ticomponent V' of Q and a collection of pairwise disjoint annuli which are disjoint 
from V' ■ The entropy of an extended boundary multicomponent V is defined to be 
the sum of the entropy of V' and the number of disjoint annuli components of V. 
We have 

Lemma 9.8. (1) The entropy of an extended boundary multicomponent does 
not exceed h — 1. 

(2) Let ^ be a a^-invariant Borel probability measure on U,^ with ^{^^) — 0. 
Then h^ — {h — 1) J xdfi < 0. 
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Proof. The first part of the lemraa follows as in Lemma 18.81 

To show the second part, note that by Lemma 19.61 and its proof, the restriction 
of X to a (T5-invariant set consisting of points [{xi),To, ^] where each transition 
modifying (xi) to a^i^Xi) isf a splitting and shifting move in one of the b Bernoulli 
shifts CSiji^i) is just Clog 2 where ( is the dyadic roof function. By Lemma [A.2| 
the pressure of —Clog 2 equals zero or, equivalently, the topological entropy of the 
suspension flow for C log 2 equals one. 

Now the entropy of any as-invariant Borel probability measure which is invariant 
and ergodic for the suspension flow supported in an extended boundary multicom- 
ponent 7^ of Q is not bigger than the sum of the supremums of the entropies of all 
(T5-invariant Borel probability measures supported in the components of P. The 
lemma now follows from the entropy calculation done in Lemma 8 together with 
the above remark. □ 

Now we are ready to show 

Proposition 9.9. For every e > there is a compact set K <Z Q and a number 
c > such that the number of periodic orbits of period at most R which do not 
intersect K is at most ce^~^'^'^ . 

Proof. We proceed as in the proof of Proposition 19.11 Namely, by Lemma 19.81 for 
every e > there is an open relative compact set [/ C Q such that the pressure 
of the restriction of the function x to the closure of the subset of Vl^ of all points 
which define orbits in Q not intersecting U is at most h — 1 + e. 

By Lemma 19.21 for every periodic orbit for $* in Q there is a corresponding 
periodic sequence [(xi),To,C] G ^^5- The closure B of the set of all such images 
of points which are mapped to orbits of avoiding [/ is a compact trs-invariant 
subset K of r^s. Moreover, 



for every crs-invariant Borel probability measure on K. 

As in the proof of Proposition 19 . 1 1 we can use the natural metric on VL^ to define 
separation for points in K . Using the reasoning in the proof of Proposition 19. 11 we 
are thus left with verifying the following. For every i? > 0, there is an injection of 
the set of periodic orbits of $* contained in Q—U into a maximal separated subset 
of K. However, this follows as in the proof of Proposition 19. II 

The proposition now follows from the argument in the proof of Proposition [^3] 



As a final conclusion we obtain 

Corollary 9.10. The number of periodic orbits for the Teichmiiller flow on Q of 
period at most R is asymptotic to e^^ /hR. 




□ 
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Proof. The corohary is an immediate consequence of Proposition 19.91 and the main 
result of [HTOc] . □ 

Appendix A. The dyadic expansion flow 

In this appendix we construct a suspension of the BernouUli shift (E, i^) in the 
letters 0, 1 which encodes dyadic expansions of positive integers. 

Define a function C : E — > (0, oo) as follows. If (xi) G E is such that either Xi = 
for alH < or Xi = for alH > then define ({xi) — 1. 

Otherwise there is a smallest number io > and a smallest number ii > with 
X-i„ = = 1. Let m > io be a large number. Consider the string {yi)o<i<m+ii 
defined by yi = Xi-m, and the string {zi)o<i<m-io defined by Zi = Xi-m- The 
strings (yi), (zi) can be viewed as dyadic expansions of natural numbers 

>k=Y > 2"-'°. 

1=0 1=0 

Define 

am{x^) = (log2(^) - log2(A;))/(io + ii) 
and observe that a™ takes values in [IjlogjS]. Moreover, am{xi) only depends on 
the finite string {xi)^rn<i<ii- 

We claim that as m ^ oo, the values am{xi) converge to a number Q{xi). 
Namely, using the notation from the previous paragraph, for u > we have 

a^+u{xi) = {\og^{Ti + p{u))-\og^^{Tk+p{ti)))/{io + ii) 

for a number p{u) £ [0,2" — 1]. Now £ > k > 2™^*" and therefore the sequence 
<Xm{xi) (m > 0) is a Cauchy sequence and hence it indeed converges. 

The assignment (xi) — > Ci^i) defines a function on E with values in [I,log2 3]. 
We call C the dyadic roof function. 

Lemma A.l. The dyadic roof function ^ is continuous. 

Proof. Let (xi) be any sequence in the letters 0, 1 and let e > 0. Assume first that 
there are smallest numbers io > 0, ii > so that x^i^ = Xi-^ = I. Choose m > io 
sufficiently large that \C{yi) — ctm{xi)\ < e/2 for all (yi) which satisfy yi = Xi for 
— m < i < ii. Such a number exists by the discussion preceding this lemma. By 
construction, we then have |C(a^i) — C(2/i)l — ^■ 

Next assume that Xi — for all i > but that there is some smallest number 
io > with X-ig = 1. Let m > io be a large number. Let n > and assume that 
(yi) is such that yt = for — io < i < n. If there is some smallest ii > n so that 
yi^ =1 then 

aM = (log2(2'"+^^ +k)~ log2 fc)/(zi + *o) 
where 2™"'" < k < 2™^*"+^ and hence am{yi) is close to one if n is sufficiently 
large. The case that Xi — for all i < follows in the same way. □ 
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Since the function C is continuous, uniformly bounded and bounded from below 
by a positive number we can consider the suspension Z of (E, v) with roof func- 
tion Clog 2. This suspension is a compact space. The suspension flow /3* on Z is 
continuous. It will be called the dyadic expansion flow in the sequel. 

Lemma A. 2. The topological entropy of the dyadic expansion flow equals one. 



Proof. By the variational principle and Abramov's formula, the topological entropy 
of the dyadic expansion flow equals one if the pressure of the function — Clog2 on 
the Bernoulli shift (E, v) equals zero. To calculate this pressure, let n > and let 
En C S be the set of all standard cylinders of length n. Each cylinder [xi] G En 
is defined by a sequence (xi) of length n in the letters 0, 1, and it is the set of all 
sequences (j/j) with yi = x^ for < i < n. 

Let Cn — X]o<i<n-i C ° havc to estimate the sum 

Z„(C)= max{e-'^"(^)^°s2 I ^ e [a;,]} = ^ max{2-';"W | z e [a;,]}. 

For this let {xi) be a sequence of length n which defines the dyadic expansion of 
the number p. Let j < n be the largest number so that Xj = 1. If no such number 
exists then put j = —oo. Let (yi) £ [xi] be such that yi = 1 for i < and = 
for i > j. Then C{v^yi) = 1 < C,{v^ zi) for all (z^) e [xi] and all s > j. Moreover, 
since for any n > the function t — )■ logj {n + t) — logj t is decreasing, for every 
(zi) e [xi] and all m > 0, all s < j we have am{v'^Zi) > am{i^^yi) and hence 

CM) > lim (log2(2'=p + 2' - 1) - log2(2'= ~l)) + n~j> log^p + n - j. 
Now log2 p > j and hence we conclude that 

n-l 2^ + 1-1 

Now the sum 2_/i=2J T bounded independent of j. This implies that indeed we 
have lim„_>.oo ^ ^ogZniC) = which is what we wanted to show. □ 
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